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1 Introduction

2 basic results

Suppose that (S, D) is a minimal pair with x[D] = 2, which is obtained
from a # minimal pair(model) (X g, C') by shortest resolution of singularities
of C. The type of (X5, C) is denoted by the symbol [0 x e, B; vy, v, - -+, vy].
Defining w =4 — §15,we get w =4 if B # 1. w = 3, otherwise.

Proposition 1 Suppose that B < 2. Letting k denote wp + 2u, we have the
following fundamental equalities:

1. X = 8v% 4 2kvy + k + wy — 27,

2.Y =8v; + k +wi.

2.1

Herel%:kp—sz,wl =w-—g.

invariant Z

Following Matsuda([13]), we shall compute v1Y — X, which we denote by
Z. By Z=1nY-X-= Zglzgl(yl — j)jt; > 0, t; being the number of j—
ple singular points on C, we have



0<Z=v(w—g—k)—k—w +29.

2.2 invariant Z*

Hereafter suppose that v; > 3.

Introducing invariants 7; and Y by 7; = v; — 1 and ¥ = Z;Zl vj,

respectively, we obtain Y =Y — 7 and

Y =8u+k+ A

Moreover, introduce an invariant X by
T
Y:ZTJQZX—Qy—FT,
j=1

which satisfies that
X =8u +2%ku+k— A —23.

Here, for simplicity, let u stand for 77. Thus p > 2.

2.3 case when B > 2

However, if B > 2, we have fundamental equalities :

1. Y:BQU+8M+1€+A1,
2. X = Byo(o —2) 4+ 8u + 2kp + k — A; — 27,

where By = B — 2 for B > 2. Moreover, if B < 2, we put By = 0.

Defining an invariant Z* to be uY — X, we obtain
—Mk—];?+V1A1+2§—BQG(U—2—,u) = Z*

and
v1—1

Z5=) (-5 -

=2
Note:

Z'=p-Dy+2(p—2)y2+3(n—3)ys+... 20,



where y1 =ty +tu, 92 =t3+ 11,3 =ta +t,_o,---.
Moreover, we get

Byo(o —2—p) < —pk — k+11A; + 23.
Proposition 2 If B > 3, then
o(oc —2—p) <A+ 29 — pk — k. (2)

~ Suppose that p > 0. Theno —2—p>1+2(p+1)—2—p=1+p and
k —k > —2. Hence,

o(p+1) <olc—2—p) <Ay +25 — pk — k.
However,
viAi+2g — pk—k = (p+ DA — (p+ Dk + (1 - 1)g — 4,

Where(j:ff—kz—z

Therefore
o(p+1) <(p+DA-k)+ (1 -pg+2.
If g >0, then (0 — (A—k))(n+ 1) < 2. Hence, 0 < A — k.
If g = —1, then

cp+ )< (u+D)A-Kk)+p+l=(u+1)(A-k+1)

Hence, 0 < A—Fk+1.
By p > 2, we get 0 > 7 and so k + 6 < A. Thus we obtain the next
result.

Proposition 3 If B>3 andp >0, theno+k—1< A
In particular, k+ 6 < A.

2.4 example with B=3,p=10

Suppose that B=3,g=0,p=0,u > 2 and Z* = 0. Then ¢ = 2u + 2 and
1.Y=0+8u+k+A+1,

2. X =0(0c—2)+8u>+2ku— A+ 1.



Therefore, Z* = —2(u+ )p — kp+ A(p+1) + p — 1 and Y = ru. Hence,
pi =k + A+ 2+ 3. Thus,

A=pu—(k+2u+3). (3)
Moreover, by Z* = 0 we get
L2(p+Dp=—-kp+Ap+1)+p—1,
2. pu? =kp+ Ap+2p2 + 3u.
These imply
ol =AQu+1)+2u—1=(A+1)2u+1) —2.

Letting f = p?, h = 2u + 1, we obtain 1 = 4f + (1 — 2u)h. Hence, the
ideal (f,h) generated by f and h coincides with the ring Z[u]. In this case
, we say f and h are relatively prime.

2.5 a lemma

In general, we have the following result.

Lemma 1 Let R be a commutative ring. Suppose that there exist elements
f and h which are relatively prime. In other words, there exist u,v € R such
that 1 = uf + vh.

If Pf = Qh for some P,Q € R,then there exists L € R such that P = hL
and Q = fL.

Proof. From uPf = uQh, it follows that uQh = uPf = Puf = P(1 —
vh). Hence, P = uQh + vhP. Thus,P = hL, where L = Qu + Pwv.
2.6 signature of £k — A
Recalling that 2 = 8f + 2(1 — 2u)h and

—2=pf — (A+ 1h,—2 = —8f + (4u — 2)h,

we get
(p+8)f =(A+4u—1)h.

Since f and h are relatively prime, it follows that p = —8 + hL, and A =
1—4p+ fL for some L. Then r =p+8 =hL = (2u+1)L.



By k= pu —2u — 3 — A, we obtain

2u=k=—6p—4+ (u+1)uL.

On the other hand, given 4 > 2 and L, let 0 = 2u + 2,4 = —3u — 2 +
(u+1)pL/2 and e = 30 + u. Further, let r = (2u+ 1)L and v; = p + 1.

The type becomes [(21 4 2) * (6 + 6 4+ u), 3; (u + 1)#*+DL] Then B =
2¢—30 =2+ (n+1)pL.

The virtual genus go becomes (24 + 1)u(p+1)L/2. Hence, g = go — (u+
(2 +1)L/2 = 0.

By definition, ZZ = (o — 2)(B —4) = —4p + 2u2(p + 1)L and 22 =
Z3—rp® = —4p+p?L. Hence, A = 1—4u+p? L,k = 2u = —6u—4+(pu+1)pL.
Then —kp+ A(p+1) = p(2p + 1) + 1. Hence, k — A = pL — 210 — 5. The
value may be positive or negative.

3 Hartshorne’s Lemma

Suggested by Hartshorne ([?]), we consider a divisor 2D + 0 Kg. The inter-
section numbers of this and divisorD and Z, will produce useful equalities
among invariants.
By 6, we denote (20 +0Kp)-C. From (2D+0Kg)-D = 20G— (o —2)D?
it follows that
20G — (0 — 2)D? = 0y 4+ pY + 22Z.

By the way,

by = (2C + 0 Kyp) - C
= (O'ZO — (O’ — 2)0) -C
=207 — (0 — 2))C?

=0(0B—20—B)— (6 —2)oB

If B> 2 then B — 20 =2u+ (B —2)o > 0.
If B =0 then B — 20 = 2u > 0.

However, if B =1 then B — 20 = 2¢ — 30.
In the case when 2e — 30 > 0, then 9~2 > 0.



_In the case when 2e — 30 < 0, letting L = —(2e — 30) > 0, we consider
03 = (3C + eKyp) - C. Then
03 = (3C + eKy) - C

=(eZp—(e—=3)C)-C

= 2¢g — (e — 3))C?

=e(0B —20 — B) — (e — 3)oB

— —20¢ — eB+30B

= —20¢e — 2¢* + €0 + 30(2¢ — o)
o(2e — 30) — e(2e — 30)
=L(e—o)
= L(u+11).

Thus 63 = L(u + v1) > 3L > 0. Moreover,

2¢g — (e —3)D* =63+ (p+u)Y +3Z.

We say that the type is RH () if either B # 1 or B =1 and 2e — 30 > 0.
Otherwise, we say the type is RH(_), namely in the case when B = 1 and
2e — 30 < 0.

Instead of D, we take Z. Then (2D + 0Kg) - Z = 0Z* — 2g(o — 2) and
by 62" we denote (2C + 0 Ky) - Zy. Thus

0 7% = 2G(0 — 2) = 6" +pY +22*
We want to show that 62" > 0, in the case of RH(y). Actually,

0" = (2C + 0 Ky) - Zy
= (0Zy— (0 —2)C) - Zy
= 078 — 2G5(0 — 2)
= o(0B—40 —2B+8) — (6 —2)(cB — 20 — B +2)

= (o —2)(B—20)

Since 02" = (0 — 2)(e — Bo +2 —20) = (0 — 2)(2u + Bqo) , it follows that
0" = (0 — 2)(2u+ Byo) > 8u > 0, if B # 1.
If B =1 then 62" = (6 — 2)(2e — 30).



Hence, if 2e — 30 > 0, then 02" > 4(2e — 30) > 0.

In the case when the type is RH(_), namely if 2e — 30 = —L is negative,
consider (3C + eKy) - Zp, which we denote by 03*.

Then 03 = L(e —0 — 1) = L(u+v; —1) > 0 and

eZ? —2(e—3)g = 03" + (p+u)Y +32*.
By the way,

03" = (3C' + eKy) - Zy

(eZo— (e —3))C - Zy

=eZ8 — 2g0(e — 3))
—e(oB—40 —2B+8) — (e —3)(0 B — 20 — B)
=e(2+4 50 —2e) —30(0 + 1)
=e(24+20+L)—30(c+1)
=2e(c+1)—30(c+1)+eL

=(oc+1)(2¢e —30) +eL

=Le—0—1)

=Lu+v; —1) > 2L(u+2) > 0.

4 Class 1.

Class I. We say that the type belongs to Class I, if p = 0.

In this class, k =0 and

Z'=—kp+(p+1)A+ (1 —p)g.

4.1 case when g >0
Suppose that g > 0. Then since 1 > 3 and Z* > 0, it follows that

kp < (p+1)A+ (1 —p)g < (n+1)A.

Thus

g i1

7
Moreover, assume that k = %A.



Then g =1and so Z2* = —kpu+ (u+1)A=0.
Hence, by Y =8u+k+ A —g=8u+k+ A= ru, we obtain

pp=k+ A.
Here, p = r — 8. Since pk = (u + 1) A, it follows that

pu(p+1) = k(p+1) + A(p+1) = k(2p +1). (4)

Letting fo = pw(pw+1),h = 2p + 1, we obtain pfy = kh. Further, 2fy —
ph=pand h—2p =1 € J. Hence, 1 = h—2(2fy — ph) = —4fo+ (1 4+ 2u)h.
Thus, fo and h are relatively prime. Moreover, pfy = kh. Therefore, by the
previous lemma, p = hL and k = fyL for some L. Hence, p = 2u+ 1)L
and k = p(p+1)L.

Conversely, given > 2 and L, let v = u+ 1 and 0 = 2v.
For B=1, put e =3vy + u(u+1)L/2 and r = 8 + (2 + 1) L. The type
turns out to be

2(p+1)*B(p+ 1)+ p(p+1)L/2), L (p+1)"].

Then v = p(p+1)L/2,k = 2u and g = 1.

If B=0,pute=2v; +u(p+1)L/2 and r = 8+ (2u + 1)L. The type
turns out to be

2(p+1) % 2(p+ 1) + p(p+ 1)L/2); (p+1)"].
Then v = p(pu+1)L/2,k = 2u,g = 1.
If 4 =2, B = 1 then the type turns out to be [6 * (9 + 3L), 1; 3575,
If 4 = 3,B = 1 then the type is as follows: [8 % (12 4 7L), 1; 33+71].
Conversely, if the type of the pair is this, then g = 5-(5+3L)—3(8+5L) =
land A=22=8-(4+3L) —4x (8+5L) =4L. k = 2(3L) = 6L. Hence,
2k =3A =12L.

4.2 case when g = —1

Supposing that g = 0 , we obtain

Z'=—kp+(p+1)A+p—1.

10



Then since v1 > 3 and Z* > 0, it follows that

pk < (p+1)A+p—1. (5)
Hence,
r<Ptl L
0 I

If kpy=(u+1)A+pu—1then Z¥=0;thus Y =8u+k+A+1=ru.
Hence,
pp=k+A+1.

Since kp = (u+ 1)A + p — 1, it follows that
pp(p+1)=k(p+1)+Ap+1)+p+1=k2p+1)+2. (6)
Letting fo = u(pu+1),h = 2u + 1, we obtain
pfo=kh+2

and
2fo — hp = p.

Hence,
1l=h—=2u=h—22fy— hp) =—4fo+ (14 2u)h.

Combining this with the equation (6), we obtain
(p+8)fo=(2+4u+ k)h.
Therefore, by the previous lemma,
r=p+8=hL2+4u+k= foL

for some integer L. Hence,

On the other hand, given > 2 and L, let vy = p+ 1,0 =2u+ 2,e =
3v1 + u, where u = W —1—2pu, for some L.

Moreover,in the case when B = 1, letting » = (2u + 1)L, define the type
to be [(21 +2) * (3 + 3 4+ u), 1; (u + 1)+DL,

11



Then B = 2+ p(pu+ 1)L and the virtual genus go = p(p+1)(2u+1)L/2.
g=0,k=2uand Z%2 = p?L — 4p.

In the case when B = 0, letting » = (21 + 1)L, define the type to be
(20 + 2) % (20 + 2+ w); (u+ 1) BrHDE),

Then B = 2+pu(pu+1)L. Furthermore, g = 0, k = 2u and Z2 = p?2L—4u.

In both cases, we obtain A = p2L—4p+1and k = 2u = p(pu+1)L—2—4pu.
Thus kp = (p+1)A+p— 1.

This completes the proof of the following result.

Proposition 4 Suppose that p =0. Then

1 1
Pl - 2,

I I

k<

Moreover, kpu = (u+ 1)A+ u — 1 if and only if the type is [(2u + 2)
(30 3+ ), 1 (- 1)@ o (2414 2) % (20 + 2+ w): (u + )DL
—1-

(u+1)L

where u = 2u for some L.

Moreover, if Z* # 0 then Z* > p— 1. Hence, ku < (p+ 1)A.

Proposition 5 Suppose that g =0 and p=0. If ku < (u+ 1)A+pu—1,
then kp < (p+1)A.

Furthermore, suppose that ku = (u+ 1)A. Then Z* = p — 1, which
implies y1 = t2 +t, = 1. Therefore, we have two cases 1) ¢, = 0,t, = 1 and
2) t, =1,t2 =0.

Note that

Y=8u+k+A+l=to+(pu—Dty+ @ —Dp=1+(u—2)t,+ (r—1)pu

1) Ift, =0 then (p —1)u =k + A. Hence, (p— pu(p+1) =k(p+1)+
A(p+1) = k(2u + 1).

Since 2p 4+ 1 and p(p + 1) are relatively prime, it follows that p — 1 =
(2u+ 1)L and k = p(p + 1)L for some L. Thus r =9+ (2u+ 1)L.

The type turns out to be

2(n+1) «3(p+1)+pu(p+1)L/2,1;3",2],r =8+ (2u+ 1)L.

12



2)Ift, = 1then p > 2and (p—1)pu = k+A—(p—2). Thus ppu = k+A+2,
and

pp(p+1)=k(p+1)+Ap+1)+2(p+1) =1 +k)(2p+1)+1.

For example,if ¢ = 2, B = 1 then the type turns out to be [6 * (10 +
3L),1; 31051,

13



5 Class II.

Class II.
We say that the type belongs to Class IL, if p = 1.
In thisclassp=1, k=w+2u and k =k — 2 and

0<Z*=—kp+uA+(1—pg—k
=—kp+vA+1—-p)g+2-k
:Vl(A—k)+(2—V1)§+2.

Hence,
(2 — V1)§ + 2
11 '

k< A+
Thus we obtain the next result.
1. If g > 0, then k£ < A,
2. Ilf g=0, then k < A+ 1.

By i we denote A — k. Then i > —1. Moreover,

Z =i+ (2—)G+2=i(p+ 1)+ (1—pg+2. 8)

5.1 case when i = —1

Assume that k = A+ 1. Then g = 0 and Z* = 0. Moreover, Y = 8u + k +
A+1=8u+2k=rp.
Hence, pu = 2k = 2(w + 2u), where w = 3 or 4.

Assume B = 1. Then w = 3 and k = 3 + 2u. Further, 0 = 2u + 3,e =
3u+4+u,r=p+38
Here are many examples.

For example, if p = 1, then
w=2(3+2u) =6+ 4u.

Thus v1 = 7+ 4u,0 = 15 4+ 8u, e = 22 4+ 13u. Therefore, the type becomes
[(15 + 8u) * (22 + 13u), 1; (7 + 4u)?).

14



If p = 2, then r = 10 and by p = 34 2u , we obtain v; = 4+ 2u,0 = 9+
4u, e = 13+7u. Therefore, the type becomes [(9+4u)*(13+7u), 1; (4+2u)'Y].

If p = 3, then r = 11 by 3u = 6 + 4u we get 3(u — 2) = 4u and so
i — 2 =4L and u = 3L for some integer L. Therefore, the type turns out
to be [(7+8L) * (10 + 15L), 1; (3 +4L)!1].

If p = 4,then 4 = 6 4 4u, which has no solution.

If p = 5,then r = 13 by 5u = 6 + 4u we get 5(u — 2) = 4(u — 1). Thus
p=2+4L,u=1+45L.

Therefore, the type turns out to be [(7+8L) * (11 +17L), 1; (3 +4L)13].
And so on.

5.2 case when i >0

If k< Atheni=A—k>0. Moreover,
Z=p(i—9)+i+g+2,

and

Y =84+ 2k +i = 8 + 2w + du + i.

5.3 case when =10

Suppose that i = 0; hence £ = A and
2= (- pg+2. (9)

Thus, (1 — p)g+ 2 > 0 induces that g < 3.

5.3.1 case when g =0

Assume that g = 0. Then
Z¥=pu+1.

From 2(p —2) =2u—4 < Z* = pu+ 1, it follows that pu <5.
p=>5

Suppose that 4 = 5.Then v; =6, 0 = 12+ 1 = 13. Moreover, Z* = 6
and by definition Z* = 4y; + 6ypo.

15



From 4y, + 6y2 = 6, it follows that y; = 0,2 = 1. Hence, yo = t3 = 1.
Furthermore,

Y=8-pu+2k+1=(r—-1)-pu+2.
Thus
5p—1)=(p—1) p=2k—-1 (10)
Assume that B = 1.
Since k = 3 4+ 2u, we obtain

5:-(p—1)=7+4u—2=5+4u.

Thus 5- (p —2) = 4u. Hence, p—2 = 4L and u = 5L for some L. p =4L+2
and v = 5L for some L. Then r = 10 + 4L and so the type becomes
[13 % (19 + 5L), 1;6974L 3].

Assume that B = 0. Then the type becomes [13 * (15 + 5L); 6'1+4F 3].

p=4
From Z* = 4+ 1 = 5, it follows that Z2* = 3y; + 4ys = 5. We have no
solution.

p=3

Suppose that 4 = 3.Then vy =4, 0 = 8+ 1 =9. Moreover, Z* = 4
and by definition Z* = 2y;. From y; = 2, it follows that y; = to + t3 = 2.
Furthermore,

Y=8pu+2k+1=(r—1) p+ty+2t3.
Thus
3p—1)=(p—1) - p=2k+1—(ta+2t3) =2k — 1 —t3, (11)

where t3 = 0,1, 2.
Assume that B = 1. Then e = 0 + 4 4 u. Since k = 3 + 2u, we obtain

3(p—1) =5+ 4u — ts.

If t3 = 0 then 3(p — 1) = 5+ 4u. Since 3(p — 5) = 4(u — 1), it follows
that u =1+ 3L and p =5+ 4L for L.
The type becomes [9 * (13 + 3L), 1;411+4L 22],

16



If t3 = 1 then 3(p—2) = 4u~+4. It follows that u = 3L —1 and p = 2+4L
for L.
The type becomes [9 * (12 + 3L), 1;43+4L 22),

If t3 = 0 then 3(p — 2) = 4u + 3. Since 3(p — 3) = 4u it follows that
u=3L and p=2+4L for L.

The type becomes [9 * (13 + 3L), 1;49T4L 32).

Assume that B =0. Then e = 0 4 .

Omitted.

=2
Suppose that 4 = 2.Then vy =3, 0 =6+1=7. Moreover, Z* =241 =
3 and by definition Z* = y;. From y; = 2, it follows that y; = to = 3.
Furthermore,
Y=8p+2k+1=(r—-3) -pu+3.

Thus
p—1)=(p—1)-p=2k+1-3. (12)

Assume that B = 1. Then e = ¢ + 3 4+ u. Since k = 3 + 2u, it follows
that 2(p — 3) = 4u + 4.
The type becomes [7 * (10 + u), 1; 31942 22],

5.3.2 case when g=1
Assume that ¢ = 1. Then k = A and g = 1; hence,
Zr=2
By 2=2*>pu—1, we obtain p < 3.

p=3
Then 2 = Z* = 2(ty + t3), which implies that t3 + t3 = 1 ,where t3 < 1.
By Y =8-pu+2k=(r—1)pu+ty+2t3 = (r — 1)p+ 1 + t3, we obtain

3p=1)=(p-Dp=2k—-1—13.

By p=1 we get k = w + 2u.
Suppose that B = 1. Then w = 3 and

3p—1)=(p—1)p=23+2u) —1—t3=5+4u —t3.

17



If t3 = 0 then 3(p — 1) = 5 + 4u; thus 3(p — 4) = 4(u — 1). Hence,
u=14+3L,p=4+4L.

If t3 = 0 then 3(p — 2) = 4u + 3. Since 3(p — 3) = 4u it follows that
u=3L and p=2+4L for L.

The type becomes [9 * (14 + 3L), 1;411+4E 2],

If t3 =1 then 3(p — 2) = 4u + 4. Hence, u =3L — 1 and p = 1 + 4L for
L.

The type becomes [9 * (12 + 3L), 1; 4341 3],

p=2
Theg 2 = Z* = {9, which implies that to = 2.
By Y =8-pu+2k=(r—2)u+2, we obtain

20=2)=(p—2)p=2k—2.

Thus p—2=k—-1=w+2u— 1.
If B=1then p =3+ 2u+ 1; hence, r = 12 + 2u. The type becomes
[7 % (10 + u), 1; 310+2u 22],

5.3.3 case when g =2

Assume that g = 2. Then
Z¥=3—p.

By 2% >0, we get u < 3.

If £ =3 then Z2* =0 and 3p = 2k — 1.

It is easy to see that when B = 1, the type becomes [9x(14-+3L), 1; 411+4F]
for L > 0.

Similarly, if 4 = 2 then Z* =1 and p = k.

It is easy to see that when B = 1, the type becomes [7#(10+u), 1; 310+2¢ 2]
for u > 0.

5.3.4 case when g =3

Assume that g = 3. Then p =2 and 0 = 7. Thus, Z* = (1 — )2+ 2 = 0.
Hence, if B = 1 then the type becomes [7 * (10 + u), 1; 310724 for u > 0.

5.4 case wheni:=1

Suppose that A = k+ 1. Then

0<Z*=p(l—9)+3+7.
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Thus,
g<——=14+—-<5.

5.4.1 case when g=0

Assume that g = 0. Then
Z*=2u+2.

By Z2* =2p+2 > 3u9, we get ¢ < 11.
pn=11
Suppose that y = 11. Then vy =12, 0 = 25 and

ZF=2u+2=24,Z" = 10y; + 18y + 24y3 + - - -
Hence, y1 = y2 = 0,y3 = t4 + t9g = 1 and we obtain
Y =8 pu+2k+2=(r—1) pu+ 3ty + 8to.

Thus,
11(p—1) =2k + 2 — 3 — 5.

Assume that B =1. Then e =0 + 12 + w.

If tg = 1 then 2k +2 — 3 — 5tg = 8 + 4u — 8 = 4u. From 11(p — 1) = 4u,
it follows that u = 11L,p = 1 + 4L. Hence, the type becomes [25 * (37 +
11L),1; 128+4L 9],

If t4 =1 then 2k +2 — 3 — 5tg = 5 + 4u. From 11(p — 1) = 45 + u, it
follows that w = 7+ 11L, p = 4 + 4L. Hence, the type becomes [25 * (44 +
11L),1; 1211448 4],

p="1
Suppose that © = 7. Then v; =8 and ¢ = 17.

Z*=16,2Z* =6y + 10ys + 12y + - - .
Hence, y1 = y» = 1,y3 = 0 and we obtain ¢y 4+ t7 = t3 + tg = 1. Therefore,
Y =8 pu+2k+2=(r—2)u+ts+ 6t + 2t3 + Hte.

Thus
7(p—2):2k—1—3t6—5t7:.
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Assuming B =1, we get k = 3 + 2u,e = 17 + 8 4+ u. Hence,
7(/)—2) =5+ 4du — 3tg — 5t7.

If t¢ =ty =0 then 7(p —2) = 5+4u. By 7(p —5) = 4(u — 4) we obtain p =
5+4L,u = 4+ T7L. Hence, the type becomes [17 * (25 + 11L), 1;811+4F 3 2].

If t¢ = 0,t7 = 1 then 7(p — 2) = 4u. We obtain p = 2+ 4L,u = 7L.
Hence, the type becomes [17 * (25 + 11L), 1; 83+4L 7. 3].

p=>5
Suppose that gy = 5. Then v; =6 and ¢ = 13.

Z* =12,2Z" = 41 + 6ys.

Hence, 1) y1 =3,y2 =0or 2) y; =0,y = 2.
1). Yy =1ta+1t5 =3,y20 =ts+t4 = 0.
Therefore,

Y =8 pu+2k+2=(r—3)u+ts+ 4ts.

Thus
5(p—3) =2k —1— 3ts.

Assuming B =1, we get k = 3 + 2u,e = 13 + 5 4+ u. Hence,
T(p—2) =5+ 4u — 3ts.

If t5 = 0 then t2 = 3 and 5(p — 2) = 2+ 4u. By 5(p —5) = 4(u — 2)
we obtain p = 5+ 4L,u = 2 + 5L. Hence, the type becomes [13 * (21 +
5L),1;60+4L 5 22],

If t5 = 1 then t2 = 2 and 5(p — 2) = 2+ 4u. By 5(p —5) = 4(u — 2)
we obtain p = 5+ 4L,u = 2 + 5L. Hence, the type becomes [13 * (21 +
5L),1;60+4L 5 22,

If t5 = 2 then to = 1 and 5(p —3) = 4du— 1. By 5(p — 2) = 4(u+1)
we obtain p = 2+ 4L,u = 5L — 1. Hence, the type becomes [13 * (12 4+
5L),1;67T4 52 2] L > 0

If t5 = 3 then ty = 0 and 5(p — 3) = 4u — 4. Hence, the type becomes
[13 % (20 4+ 5L), 1; 6845 53]

p=4
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Suppose that y = 4. Then v; =5 and ¢ = 11.
Z* = 10,2* = 3y1 + 4yo.

Then y1 = 2,y2 = 1.
Hence, the type becomes [11 % (16 + u), 1; 5%, 3,22].

p=3
Suppose that ¢4 = 3. Then v =4 and 0 = 9.

Z* = 8,2* = 2y1.
p=2
Suppose that gy =2. Then vy =3 and ¢ = 7.
Z* :6,2* = = {9.

Hence, the type becomes [7 * (10 + u), 1; 39+2% 26].

5.4.2 case when g=1

Assume that g = 1.

Z¥ =p+3.
By u+3=2*>2u—4, we obtain p < 7.

p="1
Then Z* =10 = 6y + 10y2,y2 = t3+ tg = 1 and

Y=8pu+2k+1=2t3+5t6+ (r—1)pu=2+3ts+ (r—1)u.
Hence,

T(p—1)=2k —1—3tg =23 +2u) — 1 — 3tg =5+ 4u — 3ts.  (13)

We have the following two cases:

1) tg = 0.

Then t3 =1 and 7(p —4) =4(u —4). Thus, p—4=4L,u—4="T7L.
Therefore, the type becomes [17 * (29 + 7L), 1; 811+4L 3],

2) tg = 1.
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Then t3 =0 and 7(p — 3) = 4(u — 3). Thus, p—3=4L,u—3 =TL.

Therefore, the type becomes [17 * (28 + 7L), 1; 819+4L .

p=>0
Then Z* =9 = 5y; + 8y2 + 9y3,y3 = t4 = 1 and

Y=8-pu+2k+1=3+(r—1)pu.

Hence,
6(p—1)=plp—1) =2k—-2=4(u+1).
Therefore, p — 1 =2L,u+ 1 = 3L for some L.
The type becomes [15 * (21 + 3L), 1; 78+2F 4].

p="5
Then Z* = 8 = 4y; + 6yo,y1 = to +t5 = 2 and

Y =8-pu+2k+1=2+3t;5+ (r —2)p.
Hence,

5(p—2) = pulp—2) =5+4u—3ts.

ts =0
Then ty = 2 and 5(p — 3) = 4u. Thus, p —3 =4L,u =5L.
Therefore, the type becomes [13 * (19 + 5L), 1;69+4F 22].

t5 =1

Then to =1 and 5(p — 2) = 2+ 4u. Thus, p—4 =4L,u =2+ 5L.

Therefore, the type becomes [13 * (21 + 5L), 1;6'19+4L 5 2],

ts =2

Then t3 =0 and 5(p —2) =4u — 1. Thus, p—5=4L,u =4+ 5L.

Therefore, the type becomes [13 * (23 + 5L), 1; 611+4L 52].

p=4
Then Z* =7=3y; +4ys,y1 =to+t4y =y =t3 =1 and

Y =8 u+2k+1=3+2ts4+ (r—2)u=3.

Hence,

Ad(p—2)=pulp—2) =2k —2 — 2ty = 4+ 4u — 2ty.
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ty =0

Thento =1and p—2=wu+1. Thus, p=u+11,e =16 4+ u.
Therefore, the type becomes [11 * (16 + u), 1;5%19,3,2].

The case whent, = 1 does not occur.

p=3
Then Z* =6 = 2y;,y1 = to +t3 = 3 and
Y =8 pu+2k+1=1t34+23+(r—3)p=3+ts+ (r—3)pu.

Hence,

3p—3)=pulp—3)=2k—2—-1t3=2(3+2u) —2—t3 =4+ 4u—t3. (17)

t3 = 0. Then 3(p —3) =4(u+1). Thus, p—3=4L,u=3L — 1.
Therefore, the type becomes [9 x (12 + 3L), 1;48+4E 23],

ts = 1. Then to = 2, 3(p — 4) = 4u. Thus, p —4 =4L,u = 3L.
Therefore, the type becomes [9 * (13 4+ 3L), 1;49+4F 3 22].

ts =2. Thento =1,3(p—5) =4(u—1). Thus, p—5=4L,u =1+ 3L.
Therefore, the type becomes [9 * (14 4 3L), 1;410+4L 32 9],

t5 =3. Then ty = 0, 3(p — 6) = 4(u — 2). Thus, p— 6 = 4L, u = 2+ 3L.
Therefore, the type becomes [9 * (15 + 3L), 1; 41144 33].

p=2
Then Z* =5 =y1,y1 =t2 = 5 and

Y=8-pu+2k+1=5+(r—>5)u.
Hence, r = 14 + 2u,e = 10 4 u.
Therefore, the type becomes [7 * (10 + u), 1; 3924 25].
5.4.3 case when g =2

Assume that g = 2. Then
Z* =4,

By Z*=4>pu—1, we get p <5.
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p=>5
Then vy =6 and Z* =4 = 4y, + 6y, y1 = to + 15 = 1 and

Y=8pu+2k+1—-1=1+3t5+(r —1)p.

Hence,
5p—1)=pulp—1) =2k —1—3ts =5+ 4u — 3ts. (18)

ts =0
Then v; = 6 and 5(p — 1) = 5 + 4u. Therefore, p —3 =4L,u =2+ 5L.
In this case, the type becomes [13 * (19 + 2 + 5L), 1;619+4E 5]

ts =1
Then 11 =6 and 5(p — 1) = 2 4 4u. Therefore, p —2 =4L,u = 5L.
In this case, the type becomes [13 * (19 4 5L), 1; 69+4L],

p=4
Then v =5 and Z2* =4 = 3y; + 4y, yo = t3 = 1 and

Y=8pu+2k+1—-1=2+(r—1)u.
Hence,
5(p—1) = plp—1) = 2+ (r — Du. (19)
5.4.4 case when g =3

Assume that g = 3. Then
Z*¥=5—p.

When 2* =5-pu=0,p=5v1=6andY =8 - p+2k+1-2=r-p.
The type becomes [13 * (19 + 5L), 1;69+4F].
Conversely, if the pair has this type, g =3,A =4 10L, k =3+ 10L.

When Z* >0 .,5— > u— 1. Hence p < 3.

w=3.
By Z* =2 =2y; = 2(ta+t3), we get to+t3 = 1 and 3(p—1) = 4+4u—ts.

ts = 0. Then 0 = 9,e = 124 3L,r = 9+4L. The type becomes [9x% (12 +
5L),1;43T4L 2],
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t3 = 1. Then 0 = 9,e = 13+ 3L,r = 9+ 4L. When B = 1 ,the type
becomes [9 * (13 + 3L), 1;48+4L 3].

uw=2.
By Z* =3 = ty, we get to = 3 and 2(p — 3) = 2k — 4.
When B = 1 ,the type becomes [7 x (10 + u), 1; 3972 23].

5.4.5 case when g =14
Assume that g = 4. Then Z* = -2 + 6. Hence, 1) p =3 or 2) p = 2.

1) p=3. Then v; =4 and Z* = 0.

Moreover, Y =8 - pu+2k+1—3 =r-pu. Hence, pu =2k —2. If B=1
then 3p = 4(1 + u).

Thus, p = 4L,1 + u = 3L, for some L. The type becomes [9 * (12 +
3L),1,[4(8 4 4L)]).

2) p=2. Then v; =3 and Z* = 2 = t.

Moreover, Y = 8-y +2k+1—3 = (r —2)-u+ 2. Hence, (p —2)u =
2k — 4. Thus p = k. If B = 1 then p = k = 3 4+ 2u. The type becomes
[7 % (10 + u), 1, [3(9 4 2u), 2%]].

5.4.6 case when g=>5

Assume that g = 5. Then =2 and Z2* = 1.
Moreover, Y =8 - u+2k+1—4=(r—1)-pu+ 1.
Hence, (p — 1)u = 2k — 4. If B = 1 then the type becomes [7 x (10 +
u), 1, [3(9 4 2 % u), 2]].

5.4.7 case when g =6

Assume that g = 6. Then y =2 and Z* = 0.
Moreover, Y = 8-+ 2k +1—5=1r-pu. Hence, pu =2k — 4. If B=1
then the type becomes [7 % (10 + u), 1, [3(9 + 2 % u)]].

6 Class Illa.

Class IIIa. We say that the type belongs to Class Illa, if p = 2 and B =
1,u=0.
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Then k = 6,k = 4 and

Z'=v(A—k)+(1—pug+2. (20)
Thus we obtain the next result.
1. If g > 0, then k£ < A,

2. if g =0, then £k < A+ 1.
6.1 case when i = —1
In the case when k = A+ 1, we get g =0 and
Z=vA-k+Q—-pwg+2=-11—-1—-pn)+2=0.

From Y = 8u+k+A—g = 8u+2k and Y = ru, it follows that
pp =2k = 12.
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Table 1:

p T T e
1 9 12 13 28 41 137
2 10 6 7 16 23 70
3 11 4 5 12 17 5
4 12 3 4 10 14 4172
6 14 2 3 8 11 3“4

The type becomes

1. [28 % 41,1;137],

2. [16 % 23,1; 7',

3. [12%17,1;5M],

4. [10 % 14, 1; 412],

5. [8%11,1;31].

If the pairs have these types, then k = A — 1.
6.2 case when i =0
Suppose that &k = A. Then

0<Z*=(1—p)g+2.

Thus g < % < 2.

6.2.1 case when g=0

Assume that g = 0. Then
ZF=pu+1.

By2pu—4<p+1, weget pn <5

w=>.
Z* =6 and Z* = 4y, + 6y2. Hence, yo = 1. Thus t3 +t4 = yo = 1.

Y =8 pu+2k+1=(r—1) pu+2ts+ 3ty.
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Accordingly, 5(p—1) = 13— 2t3 — 3t4. Thus t4 = 1,t3 = 0. the type becomes
[14 % 20, 1,610, 4].
If 4 =4 then Z* =5, Z* = 3y; + y2, which has no solution.

uw=3.
Then
Z¥ =4, 2" = 2y,.

Hence, y; = to +t3 = 2.

Y =8 p+2k+1=(r—2) pu+ty+2ts

Accordingly, 3(p —2) = 13 — ty — 2t3. Thus p — 2 = 3 and the type becomes
[10 * 14, 1; 41 32%].

w=2.
Then
Z* :3,2* =Y :tg.

Hence, t2 = 3, p — 3 = 5 and the type becomes [8 * 11,1;3'3,23].

6.2.2 case when g=1

Assume that ¢ = 1. Then Z* = 2.
By u—1<2Z*=2 we get u <3.

u=3.
Then Z* = 2y; = 2(t2 + t3). Hence, ty +t3 = 1 and

Y=8-pu+2k=(r—1) pu+te+ 2ts.

Since
(p=1)-p=3(p—1) =13 = (t2 + 2t3)
it follows that to =1 and p — 1 = 4.
w=2.

Then 2 = Z* = y; = ty, and p — 2 = 5 and the type becomes [8
11,1;313,22].
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6.2.3 case when g =2

Assume that g = 2. Then
Z¥=3—p.

The type becomes [8 % 11, 1;3'3,2].

6.2.4 case when g =3

Assume that g = 3. Then
Z=(1—-p)g+2=4-2u

The type becomes [8 x 11, 1; 313].

6.3 case when i =1

Suppose that k = A — 1. Then

Z¥=14p+(1—p)g+2.

Then 1+ 5
g<—FP_14 %2 <3
pw—1 w—1
6.3.1 case when g=0
Suppose that g = 0. Then
ZF=2u+2.

Define v’ = Z]’jl:gl tj , where 7 = r’ 4+ t,,. Then 7’ > 0 by hypothesis.
Suppose that 7 = 1. Then Z* = j(u—j) for some j < u = v; — 1 where
w—j > j. Hence,

) 6
p=7+2+—:7.
]_
But
V=8 p+2k+2=(~ Dt +(u—j+ D jrat (r—1)-p
= (1) (2 + D+ (1)
Therefore,

(p=1)-p=2k+2—(j—1) — (=2 + 2ty jrz = 15— j— (11— 2j + 2)t,_jso.

Following the next table, we obtain a solution j =5, =9,t5 = 1.
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Table 2:

i—2 j j+2 6/(j—2 p 2k+3—j 2%k+1+j—p
1 3 5 6 11 12 5
2 4 6 3 9 11 8
3 5 7 2 9 10 9

Thus, v; = 10,0 = 22,e = 32. The type becomes [22 % 32, 1; 109, 6.

Assume 7’ > 2. Then Z* = p—14j(u—j) for some j < u = v —1 where
p+2—73>3 Thus

2u+2>p—14j(u—j).
Hence,
4320 - Dp =20 - 1)
Therefore, 25 + 3 > j2, which implies j < 3. Moreover,
j2

3 4
< =7+14+ —-.
e W A

Hence, ¢ < 7. Then y; = 0 for j > 3.
Let a = y1,b = y2,c = y3. Thus

Z¥=2u+2=a(p—1)+2b(pp —2) + 3c(p — 3).

If ¢ >0 then p > 6 and

(a+20+3c—2)p=a+4b+9+2>6(a+2b+3c—2).

Hence, 14 > 5a + 8b 4+ 9¢ , which induces ¢ = 1,b = 0,a = 1. But this
contradicts 7 > 1. Accordingly, ¢ = 0.

If >0 then p > 4.

By (a+2b—2)p=a+4b+2 > 4(a+ 2b — 2), we obtain 10 > 3a + 4b.
Hence, b =1, 2.

If b = 2 then a = 0 and thus p = 5. By the way , from

Y =8-pu+2k+2=2y2(u—2)+ (r —2)p,y2 =tz +t4 =2
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it follows that
5p—2)=(p—2)p=2k+2-2—2t5 — 3ty = 10 — 4.
Therefore, t; = 0, p — 2 = 2. Hence, the type becomes [14 * 20, 1; 69, 32].

If b =1 then a = 1,2 and thus 4 = 1+ §. Moreover, from Y =
to+ (= 1)ty + (u—2)tu—1 + (r — 1 —a)p it follows that

(p—a—-Dp=2k+2-a—-2—(p—2)ty — (b —4tu-1.

If a =1 then = 7 and we derive a contradiction.
If @ = 2 then p = 4 and the type becomes [12 % 17,1;5'9,4, 3, 2].

If b=c=0 then 24+ 2 = a(p — 1). Hence, ,u:1+£.
Moreover, from Y =ty + (u — 1)t,, + (r — a)u, it follows that

(p—a)p=14—a— (n—2)t,

Table 3:
a—2 a 4/(a—=2) p d4—a M4—a—(p—2) 1ld—a—2(pn—2)
1 3 4 5 11 8 5
2 4 2 3 10 9 8
4 6 1 2 8 8 8

From this table, the condition that 14 —a — (1 — 2)t, is a multiple of
is satisfied we we get 1) a = 3,u = 5,t5 = 2,2) a =4,u = 3,t3 =1 or 3)
a=06,u=2,t, =6.

1) The type becomes [14 * 20, 1;6°, 4,52, 2].

2) The type becomes [10 * 14, 1;4' 4,3, 23].

3) The type becomes [8 * 11, 1; 32, 26].
6.3.2 case when g=1

Suppose that g = 1. Then
Z¥=pu+3.

By Z* =+ 3 > 2u— 4, we obtain pu < 7.
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p="1
Then Z* = 10 and Z* = 6y; + 10ys + 12y3. Hence, yo = t3 +tg = 1.

Y=8pu+2k+1=2t3+5t6+(r—1)-u=2+3t6+(r—1)p.
Therefore,
Tp—1)=(p—1)-p=2k—1—3ts =11 — 3ts.

Here are no solutions.

p==06
Then Z* =9 and Z* = 5y; + 8y2 + 9ys. Hence, y3 =t4 = 1.

Y=8-pu+2k+1=3l4+(r—-1)-p=3+(r—-1)-p.

Therefore,
6(p—1)=(p—1) -p=2k—-2=10.

Here are no solutions.

p=>5
Then v1 = 6,2Z* = 8 and Z* = 4y + 6ys. Hence, y1 = to +t5 = 2.

Y =8-p+2k+1=ty+4dts+(r—1)-p=2+3t;+ (r—2)p

Therefore,

5(p—=2)=(p—2) - p=11-3ts.
Then t5 =2 and p—2 = 1. Hence, r =11 , 0 = 12+ 2 = 14,e = 14 4 6.
Hence, the type becomes [14 x 20, 1; 6%, 52].

p=4
Then v = 5,Z2* =7 and Z* = 3y; +4ys. Hence, y1 =to +t4 =1,y2 =
t3 = 1.

Y=8pu+2k+1=to+3ts+2+(r—2)-p=3+2ts+ (r—2) - p.

Therefore,
dp—2)=(p—2) - p=10—2ty4.

Thents =1and p—2=2. Hence,r =12 ,0 =10+2=12,e = 1245 = 17.
Hence, the type becomes [12 % 17,1;519 4 3].
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p=3
Then vy =4,Z* =6 and Z* = 2y;. Hence, y; = to +t3 = 3.

Y =8 pu+2k+1=ty+2s+(r—3)-p=3~+ts+(r—3)p
Therefore,
3(p=3)=(p—3) - p=10—1s.

Thents =1and p—3 =3.Hence,r=14 , 0 =8+2=10,e =10+4 = 14.
Hence, the type becomes [10 * 14, 1;410 3, 22].

p=2
Then 11 = 3,Z2* =5 and Z* = y;. Hence, y; =ty = 5.

Y =8 pu+2k+1=5+(r—5) pu
Therefore,
2(p=5)=(p=5)-p=38.

Then p —5 = 4. Hence, r = 17 , 0 = 6 +2 = 8,e = 11. Hence, the type
becomes [8 * 11,1;3'3,25].

6.3.3 case when g =2
Suppose that g = 2. Then Z* =4 > ;4 — 1. Hence, 5 > pu.

p=>5
Then v1 = 6 and Z* = 4y; + 6y». Hence, y; =9 +t5 = 1.

Y=8-pu+2k=to+4ts+(r—1)-p=1+3ts+(r—1) - p.
Therefore,
5(p—1)=(p—1) - p=11—-3ts.
Here are no solutions.

p=4
Then v1 =5 and 4 = Z* = 3y + 4y2. Hence, yo =13 = 1.

Y=8pu+2k=to+2t3+(r—1)-pu=2+(r—1) pu.
Therefore,
4p—1)=(p—1) - p=10.
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Here are no solutions.

p=3
Then v1 =4 and 4 = Z* = 2y,. Hence, y; = to +t3 = 2.

Y=8-pu+2k=to+2t3+(r—2) - p=2+t3+(r—2)p.
Therefore,
3p—1)=(p—1) - p=10—1s.
Then t3 = 1,p — 1 = 3; p = 5. Hence, the type becomes [10 % 14, 1; 41,3, 2].

p=2
Then v = 3 and 4 = Z2* = y;. Hence, y; = t5 = 4.

Y=8-u+2k=4+(r—4) p.

Therefore,
20—4)=(p—4) -p=12-4=8.

Then p — 4 = 4; p = 8. Hence, the type becomes [8 * 11, 1; 3'2,24].

6.3.4 case when g =3

Suppose that g = 3. If Z* £ 0, then Z2* =5 — > pu— 1. Hence, 3 > p.
Otherwise, Z* =0 ; u=>5.
If o = 3 then the type becomes [10 * 14,1;4!! 3].

6.3.5 case when g =4

Suppose that g =4. Then Z* =6 — 2u > p— 1. Hence, 3 > pu.
If 4 = 2 then the type becomes [8 % 11, 1;3'2,22].
If p = 3 then 3 = 2k — 2 = 10. A contradiction.

7 Class IIIb.

Class IIIb. We say that the type belongs to Class IIIb if p > 2 except for
the condition of Class III,. .
Theni=A—-k>0and § =k —k > 0. Thus,

1.Y=8u+k+A =8u+2k+i—7,

2. X =82 +2kp+q4—i—g.
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Therefore,

Z =i+ 1)+ (- wg—d
Putting i =i — g, we get i + g =i + 2g and so Y = 8 + 2k + 7. Hence,

Z*=i(p+1)+29—q.

Since ¢ > 0, it follows that

i(p+1)+25=2"+G>0.
Therefore,

(i g = i(u+1) > —23.
Thus,

(b +1)i > (1 —2)g.
Suppose that g > 0. Then

i(uw+1) >3
pw—1

If ¢ =0 then g = 1.
If i =1 then g < 4.

7.1 case when g =2

Suppose that ¢ = 3;thus g =2 and i =i—g=1—2 = —1. By
ptl
p—1

Vi
v1—2

>g=2,wegetu<3.

p=3
Then v1 =4 and

Z*=i(p+1)+20—G=—-4+4—G=—q.

Therefore, ¢ = 0 and Z* = 0.

Hence, 3p = pp = 2k +1 = 2k — 1. But from § = 0, it follows that 1)
k=8p=2or2)k=9p=3. Thusk = 8,p =2 and 3p = 15, which
implies that p = 5,r = 13.

IfB=1thenu=1,0=842=10and e =10+4+ 1 = 15. Therefore,
the type becomes [10 * 15, 1;4%3].

If B=0then u=0,0 =8+ 2 =10 and e = 10. Therefore, the type
becomes [10 * 10; 413].
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p=2
Then 11 = 3 and
Z*=i(p+1)+20—G=-3+4—-G=1—4.
Therefore, either A) §=0and Z*=1or B) =1 and Z* = 0.
A)G=0and Z* = 1.
If §=0then Z* =1. Hence, ts =1l and Y = (r — 1)+ 1 = 8u + 2k +

1—9 = 8u+2k—1. Therefore, 2(p—1) = 2k —2 and p = k. But from ¢ = 0,
it follows that 1) k=8,p=2o0r2) k=9,p=3.

1)If B=1thenu=1,p=k=8ando =6+2=8and e =8+3+1 = 12.

Therefore, r = 16 and the type becomes [8 % 12, 1; 31, 2].

fB=0thenu=0,p=k=8andoc=6+2=8and e=8.

Therefore, r = 16 and the type becomes [8 * 8; 315, 2].

2)k=9p=3B=1u=0.Thenp=k=9and 0 =6+3 =9 and
e =9+ 3 = 12. Therefore, 7 = 17 and the type becomes [9 * 12,1;316 2].

B)g=1
From ¢ = 1, it follows that k(p — 1) — 2p? = 1. Thus,

3

Thusp—1=1or 3.

If p=2then k =9. But £ — wp = 9 — 2w = 2u, a contradiction.
If p =4 then k = 11. But k — wp = 11 — 4w = 2u, a contradiction.

7.2 case when g=1

Suppose that ¢ = 2;thusg=1andi=i—g=1—1=0. Then
Z*r=2-—4.

Therefore ¢ =2 or 1 or 0.

7.2.1 case when ¢ =2
If G =2 then Z* = 0. From § = 2, it follows that k(p — 1) — 2p? = 2. Thus,

4
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Table 4:

p 20p+1) 4/p-1) k (k—=3p)/2 (k—4p)/2
2 6 4 10 2 1

3 8 2 10 0.5 1

5 12 1 13 1 3.5

Thus we get the next table.
Thus, p =2,k =10. If B =1 then v =2 and if B =0 then v = 1. From

Y =8u+2k+i—g=38u+2k=rpu.

it follows that pu = 2k = 20.

Table 5: B=1,u =2

W vi o e r
20 21 44 67 9
11 24 37 10
5 6 14 22 12
4 5 12 19 13
2 3 8 13 18

T N =D
=
(an)

Table 6: B=0,u=1

W v o e r
20 21 44 45 9
11 24 25 10
5 6 14 15 12
4 5 12 13 13
2 3 8 9 18

T N =D
=
o
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7.3 case when g =3

Suppose that g = 4;thus g = 3 and i=i—g=1—3= —2. Then since
% > g = 3, it follows that v, = 3. Hence,

ZF=i(p+1)+2—G=-2-3+6—G=—q.

Therefore, ¢ = 0 and Z2* = 0. Hence, pu=2p =2k —2;s0 p=k — 1.
By =k — k=0, we get either 1) p=2k=8o0r 2) p=3,k=09.

Ifp=2,k=8thenp=k—1=7and v, =3.

If B=1thenoc=6+2=8u=1ande=8+3+ 1. Hence the type
becomes [8 x 12, 1; 317].

If B=0then o =6+2=38,u=0 and e = 8. Hence the type becomes
[8 * 8; 317].

Ifp=3,k=9then p=k—1=28and v; =3 and moreover,c =6+ 3 =
9,4 =1 and e =9+ 3 =. Hence the type becomes [9 * 12, 1;316].

7.3.1 case when =1

As was shown before, this case does not occur.

7.3.2 case when §=0

If g=0then 1) k=8,p=2or 2)k =9,p = 3. Moreover, Z* =2 — G = 2.
Since Z* > pu — 1, it follows that u = 2 or 3.

w=2.
Then 11 = 3 and Z* = ty. Hence, t5 = 2 and

Y =8u+2k=2+(r—2)u

Hence, (p —2)u =2(p —2) =2k — 2. Thus, p =k + 1.

1) k=8,p=2. Thenp=k+1=9;r=1T7.

IfB=1theno=6+4+2,e=8+3+1= 12 and the type becomes
[8%12,1;315 22].

2)k=9p=3. Thenp=k+1=10;r =18 and o =6+3 =9,
e =9+ 3 = 12 and the type becomes [9 x 12, 1; 316 22].

w=3.
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Then vy =4 and Z* = 2(t + t3). Hence, to + t3 = 1. From
Y =8u+2k =ty +2ts+ (r — 1)p.

Hence, (p—1)p=3(p—1) =2k — (ta + 2t3) = 2k — 1 —t3. Thus, 3(p—1) =
% —1—ts.

1) k=8,p=2. Then 3(p—1) =2k —1—t3 = 15 — t3. Hence, t3 =0
andtp=1,p—1=5;r=14

IfB=1thenoc=84+2=10,e=10+4+1 = 15 and the type becomes
[10 % 15, 1; 413, 2].

If B=0theno =8+2 =10, e = 10 and the type becomes [10%10; 413, 2].

2)k=9,p=3,B=1,u=0. Then3(p—1)=2k—1—t3=17—t3. No
solution.

7.4 case when g =0

Suppose that g = 1;thus g =0 and : =i — § = i.

Assume i = 0. Then 7 = 0 and Z* = —q.

By ¢ = 0, we have two cases, i.e. 1). k=8 p =2B = 1,0 and 2).
k=9,p=3,B=1.

Y =8u+2k=rpu.
Hence, pu = 2k.

Table 7: k=8,p=2,B=1

p r pu v o u e
1 9 16 17 36 1 54
2 10 8 9 20 1 30
4 12 4 5 12 1 18
8§ 16 2 3 8 1 12

7.4.1 case when i=1

Assume ¢ = 1. Then
Z'=p+1-4q.
If Z* #£0, then Z* > 4 — 1 and hence, ¢ < 2.
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Table 8: k=8,p=2,B=0

r o u vy o u e
9 16 17 36 0 36
10 8 9 20 0 20
12 4 5 12 0 12
6 2 3 8 0 8

0 =N =D

Table 9: k=9,p=3,B=1

p r p vy o u e
1 9 18 19 41 0 60
2 10 9 10 23 0 33
3 11 6 7 17 0 24
6 14 3 4 11 0 15
9 17 2 3 9 0 12

7.4.2 case when ¢ =2

Suppose that ¢ = 2. Then £k =10,p =2 and Z2* = u — 1.
Moreover,from Z* = y;(p — 1), it follows that y; =t2 + ¢, = 1 and

Y=8u+2k+1l=to+(u— Dty +(r—Du=1+(p—2)t,+ (r—1)pu.

Therefore, (p—1)pu = 2k — (n—2)t,,. Since k =10 and ¢, = 0 or 1, it follows
that 1) (p — 1)p =2k =20,ta =1 or 2) pp=2k+2=22,t, = 1.

1). From (p — 1) = 2k = 20, t2 = 1, we obtain the following tables:
Then the types are as follows:

1. [44%67,1;21% 2],
2. [24%37,1;1119 2],
3. [14%22,1;6'2,2],
4. [12 % 19,1; 513 2],

5. [8%13,1;318 2].
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Table 10: B=1,u=2,p=

p w v o e T
2 20 21 44 67 10
3 10 11 24 37 11
5 5 6 14 22 13
6 4 5 12 19 14
11 2 3 8 13 19

Table 11: B=0,u=1,p=

S O W NI
—_
o
—_
—_
[\
=~
[\]
ot
—_
—

—_
—_

Then the types are as follows:
1. [44 % 45;219 2],

2. [24 % 25; 1110 2],

3. [14 % 15;6122],

4. [12 % 13; 513 2],

5. [8%9;318 2].

2). From pp =2k + 2 = 22,t, = 1, we obtain the following tables:
Then the types are as follows:

1. [48 % 73,1;238,22],
2. [26 % 40,1;11°,10],

3. [8%13,1;318 2],
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Table 12: B=1,u=2,p=2

p w v o e T
1 22 23 48 73 9
2 11 12 26 40 10
1 2 3 8 13 19

Table 13: B=0,u=1,p=2

p uw v o e T
1 22 23 48 49 9
2 11 12 26 27 10

11 2 3 8 9 19

Then the types are as follows:
1. [48 % 49;238,22],

2. [26 % 27;11°,10],

3. [8%9;318 2],

7.4.3 case when =1

As was proved before,the case when ¢ = 1 never occur.

7.4.4 case when §=0

Suppose that § = 0. Then either 1) k = 8,p =2 or 2) £k = 9,p = 3 and
ZF=pn+1.
Ifpu>4then p>4p+1>2u—4. Thus p <5.

w=>.
Then Z* = p+1 = 6 and Z* = 4y; +6y2. Hence, y1 = 0,y2 = t3+t4 = 1.
Therefore, from

V=8u+2k+1=2t3+3ts+(r—Du=2+t+(r—1u

it follows that 5(p — 1) = (p— 1)p =2k — 1 — t4.
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1) k=8,p=2.

Then 5(p — 1) =2k —1—t4 = 15 — t4. Hence, t4y =0,t3=1. p—1=3
and 0 =12 + 2.

If B =1 then e = 21. The type becomes [14 * 21,1;6!!, 3],

If B =0 then e = 15. The type becomes [14 * 15; 6!, 3],

9) k=9,p=38=1

Then 5(p — 1) = 2k — 1 — t4 = 17 — t4. No solution.

w=4.
Then Z* = p+1 =5 and Z* = 3y; + 4y2. No solution.

w=3.
Then vy =4 and Z* = p+1 =4 and Z2* = 2y; = 4. Then y; = to+t3 = 2.
By
Y =8u+2k+1=to+2t3+(r—2)p=2+t3+ (r—2)u

we obtain
3(p—2)=2k—1—ts.

1) k =8. Then t3 = 0,ty = 2 and p = 7. Therefore, 0 = 10,e = 10+4+1 =
15,7 = 15 for B = 1. When B = 1,the type turns out to be [10%15, 1;4!3,22].
But if B = 0, the type turns out to be [10 * 10;'3,22].

2) k =9. Then 3(p—2) = 2]€—1—t3 = 17—t3. Hence, t3 = 2,t2 =0
and p=T7.0=1l,e=114+4=15,r=15for B=1,u =0.

7.4.5 case when Z* =0

Suppose that Z* = 0. Then 0 = Z2* = u+ 1 —¢. Hence, u+1 = ¢ =
k(p — 1) — 2p%. Thus

pt1=k(p-1)-2p (21)
By Y = 8u + 2k + 1 = ru, we obtain
pp = 2k + 1. (22)
Hence,
pu+ p = k(pp — p) — 2pp”.
Therefore,
2k +1+4p=k(pp — p) — 2pp”.
Hence,

1+ p+20p% = k(pp — p— 2), (23)
This implies that p is odd.
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7.4.6 case when p=1
Suppose that p = 1.Then 2 + 2p? = k(p — 3). Hence, p > 4 and

20

k=2(p+3)+ ——.
(p+)+p_3

Table 14: B=1

p k u pu v o e

4 34 11 69 70 144 225
7 25 2 51 52 111 165
8 26 1 53 54 116 171

Then the types are as follows:
1. [144 % 225,1;70%],
2. [111 % 165, 1; 527],

3. [116 * 171, 1; 547,

Table 15: B =0

p k u v o e
4 34 69 70 144 162
5 26 53 54 113 119

Then the types are as follows:
1. [144 % 162; 707],

2. [113 % 119;54).

7.4.7 case when p=3
Suppose that p = 3. Then

6p° +4 = k(3p —5).
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Sinl(ée 6p?+4 = (3p—5)(2p+3) +p+19, it follows that k = 2p+3+m,m =
p+
Tl p = 2 then m — 21 and k — 28. From 3 = ppi — 2k + 1 — 57, it
follows that p = 19; thus v; = 20,0 = 40 4+ 2 = 42.

If B=1then u =11 and e = 42 + 20 + 11 = 73 ; the type becomes
[42 % 73,1;20M).

If B =0 then v = 10 and e = 42 4+ 10 = 52 ; the type becomes
[42 x 52; 2011].

If m = 2 then p = %, a contradiction. Thus m > 3. Hence, p + 19 >
3(3p —5). So, p < 4. But p=3 and p = 4 cannot be solutions.
7.4.8 case when p>5

Suppose that p > 5. From k > 3p, it follows that

14 p+2pp” = k(pp — p—2) = 3p(pp — p — 2) = 3pdp” — 3p(p + 2).

By p > 5, we get p < 3.

If p=2then 14 9p = (p — 2)k; hence, (p — 2)(k —9) = 19. Therefore,
k—9=1,p—2=19. Then p =21 and 21p = pu =2k +1=21;s0 p = 1.

If p =3 then 1+19p = 2(p—1)k; hence, (p—1)(2k—19) = 20. Therefore,
) p—1=4,2k—19=50r2) p—1=20,2k 19 = 1.

1) p=>5and k= 12.

By 5u = pp = 2k+1 = 25; so u = 5. Hence, B = 0 and u = 0. Moreover,
c=124+3=15,e=15,r=5+8 =13.

Then the type is [15 * 15;63].

2) p =21,k = 10.

By 2lp = pu=2k+1=21, we get p = 1.

If p =4 then 1+33p = (3p—2)k; hence, (3p—2)(k—11) = 23. Therefore,
3p—2=23and k— 11 = 1. A contradiction.

7.5 case wheng=—-1,1=0

Suppose that g = 0 and 7 = 0; thus i = § = 1. In this case,

Z'=p—1-4q.
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I). If Z* #0, then Z* > 1 — 1 and hence, ¢ = 0 and Z* = g — 1. Thus
either 1) £k =8,p =2 or 2) k = 9,p = 3. Therefore, by Z* = y;(u — 1) we
obtain ¢y =to +1t, = 1.

By Y =8u+2k+1=ty+ (u—1)t, + (r — 1)p, we obtain

(p—Dp=2k+1—to+ (up—1)t, =2k + (1 —2)t,.

Suppose that ¢, = 0; hence,t3 = 1. Hence,

(p— Dy = 2k.
1)k=8p=2
B=1
Table 16: k=8,p=2,B=1
p—1 p wu 1nn o e
1 2 16 17 36 54
2 3 8 9 20 30
4 5 4 5 12 18
8 9 2 3 8 12
Table 17: k=8,p=2,B=0
p—1 p wu 1nn o e
1 2 16 17 36 36
2 3 8 9 20 20
4 5 4 5 12 12
8 9 2 3 8 8
2)k=9,p=3

Suppose that ¢, = 1; hence,t3 = 0 and

pp = 2k + 2.
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Table 18: k=9,p=3,B=1

1

P p_pH 1 o €
1 2 18 19 41 60
2 3 9 10 23 33
3 4 6 7 17 24
6 7T 3 4 11 15
9 0 2 3 9 12

Table 19: k=8,p=2,B=1

p u v o e B
1 18 19 40 60 &0
2 9 10 22 33 44
3 6 7 16 24 32
6 3 4 10 15 20
9 2 3 8 12 16

Table 20: k=8,p=2,B=0

p KH Vi o e
1 18 19 40 40
2 9 10 22 22
3 6 7 16 16
6 3 4 10 10
9 2 3 8 8

Table 21: k=9,p=3,t, = 1.

p B v o e
1 20 21 45 66
2 10 11 25 36
4 5 6 15 21
5 4 5 13 18
10 2 3 9 12
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I). If Z2* =0, then ¢ = p — 1.
By o

Y=8u+2k+1=rp

we obtain pu = 2k + 1.
From

p—1=q=k(p—-1)—2p’
it follows that
pp—p = kp(p—1) — p2p>.
Hence,
2k +1=kp(p—1) — p2p* + p.
Thus,
20p> —p+1=Fk(p(p— 1) - 2).
This implies that p is odd.

7.5.1 case when p=1
Suppose that p = 1. Then 2p? = k(p — 3). Hence,

18

k=2(p+3)+ ——.
@+)+p_3

Table 22: p=1,B =1

p—3 p 18/(p—3) 2p+6 k pu v o u e
1 4 18 14 32 65 66 136 10 212
2 5 9 16 25 51 52 109 5 166
3 6 6 18 24 49 50 106 3 159
6 9 3 24 27 55 56 121 0 177
Table 23: p=1,B=0
p—3 p 18/(p—3) 2p+6 k pu v o
1 4 18 14 32 65 66 136
3 6 6 18 24 49 50 106
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7.5.2 case when p=3
Suppose that p = 3. Then 6p? — 2 = k(3p — 5). Hence,

p+13
3p—>5

k=2p+3+
Denoting é’;—_lg by m, we obtain k = 2p 4+ 3 + m.
If p =2 then m = 15 and k = 22. By 3u = pu = 2k + 1 = 45, we get
@ =15. Hence, 1 =16 and 0 = 32 + 2 = 34.
If B=1 then u= (k—3p)/2 =8. Hence, e =34+ 16 + 8 = 58.
The type becomes [34 * 58, 1; 16!1] which has g = 0, 22 = 21, A = 22.
If B=0then u=(k—4p)/2=7. Hence, e = 34+ 7 = 41.
The type becomes [34 * 41; 16!!] which has g = 0, 2% = 21, A = 22.

If p=3then m =4 and k = 13. By 3u = pu = 2k + 1 = 27, we get
@ =9. Hence, v; = 10 and o = 23.

If B=1 then u= (k—3p)/2 = 2. Hence, e =23+ 10 + 2 = 35.

The type becomes [23 * 35, 1; 10| which has ¢ =0, 2% = 12, A = 13.

If B =0 then u= (k—4p)/2 = 5/2, a contradiction.

If p > 4 then there are no solutions.

7.5.3 case when p>5

Suppose that p > 5.
From 2pp? — p+1=k(p(p—1) —2) > 3p(p(p — 1) — 2) , it follows that

6p 1
3+ L= —1>p
PP

By p > 5 we conclude p = 2, 3.
Suppose p = 2 ; thus k(p—2) = 7p+1. Hence, (k—7)(p—2) = 15,p—2 > 3.

Table 24: p>5,B=1

p—2 p k=7 k wu v1 o u e
3 5 5 12 5 6 14 3 23
5 7 3 10 3 4 10 2 16

The type becomes
1. [14 % 23,1;6'3],
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2. [10 * 16,1;4].

Table 25: p>5,B=0

5 7 3 10 3 4 10 1 11

The type becomes
1. [14 % 16;63),
2. [10 % 11;417].
Suppose p = 3 ; thus 2k(p — 1) = 17p + 1. Hence, (2k — 17)(p— 1) = 18.
2k — 17 is odd. We get the following table.
Table 26: B=1,p=3

p—1 p 2617 kK p v o u e
2 3 9 13 9 10 23 2 35

The type becomes [23 * 35, 1; 1011].
7.6 case when i=1
Suppose that i = 1,9 = 0;thus g = —1 and i =i — g =i+ 1 = 2. Then
ZF=2u—q.

If 240 and p —4 > 0 then Z* > 2 — 4 and hence, ¢ < 4.
If p =2 then Z* =4 — ¢ > 0; thus ¢ < 4.
If =3 then 2* =6 — § = 2y; # 0; thus ¢ < 4.

7.6.1 case when §=14

Suppose that § = 4. Then Z* = 2y — 4. Assume p > 4. Since Z* =
yi(p—1)+2y2(pe —2) + 3ys(p — 3) + - - - , it follows that yo =t3+t,1 = 1.
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By
Y =8u+2k+2=2t3+(pu—2)ty—1+r—1p=2+(u—4)t,—1+(r—1pu,

we obtain (p — 1) =2k + (u —4)t,—1.
On the other hand, from ¢ = 4, it follows that k(p — 1) — 2p? = 4 and
hence,

—9p+1)+ ——.
k=2p+ )—l—p_l
Table 27:
p—1 p 2(p+1) 6/(p—1) k (k—3p)/2 (k—4p)/2
I 2 6 6 12 3 2

Thus k£ =12,p = 2.

If B =0 then u = 2;if B =0 then u = 3.
Therefore, (p — 1)y =24+ (u— 4)t,—1.
If t,—1 =0 then (p — 1)p = 24.

Table 28: ¢, 1 =0

p—1 pu vy o e p T
1 24 25 52 80 2 10
2 12 13 28 44 3 11
3 8 9 20 32 4 12
4 6 7 16 26 5 13
6 4 5 12 20 7 15
8 3 4 10 17 9 17
12 2 3 8 14 13 21

The types are as follows
1. [52%80,1;25% 3],
2. [28 % 44,1;13'9 3],

3. [20 % 32,1;13'1, 3],

e

[16 % 26, 1; 712 3],
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5. [12%20,1;5%, 3],
6. [10%17,1;4', 3],

7. [8%14,1;3% 3].

Ift,—1=1then (p —2)p =24+4 = 28.

Table 29: ¢, 1 =1,B=1

p—1 pu v o e p T
1 28 29 60 92 2 9
2 14 15 32 50 3 10
4 7T 8 18 29 5 12
7 4 5 12 20 8 15
14 2 3 8 14 15 22
The types are as follows
1. [60 % 92,1;299, 27]
2. [32%50,1;15'°,13]
3. [18%29,1;8 6]
4. [12%20,1; 5,3
Table 30: t,-1=1,B=0
p—1 pu v o e p T
1 28 29 60 62 2 10
2 14 15 32 34 3 11
4 7T 8 18 20 5 13
7 4 5 12 14 8 16
14 2 3 8 10 15 23
28 12 6 8 29 37

The types are as follows

1. [60 % 62;299, 27],
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2. [32 % 34;15%0 13],
3. [18 % 20; 8, 6],

4. [12 % 14; 5, 3]

7.6.2 case when ¢ =3

Suppose that ¢ = 3,from which it follows that k(p —1) — 2p? = 3 and hence,

k=2 H+——.

(p+1)+ P
Hence, p—1=1or 5.

If p =2 then £k = 11. But £ — wp = 11 — 2w = 2u, contradiction.

If p =6 then k = 15. But k — wp = 15 — 6w = 2u, contradiction.

7.6.3 case when § =2
Suppose that ¢ = 2. Then § = 2, it follows that k(p — 1) — 2p? = and hence,

=2 1 _
k=2(p+ )—I—p_1
Table 31: ¢ =2

p—1 p 2(p+1) 4/(p—1) k (k—3p)/2 (k—4p)/2
T 2 6 4 10 2 1

Thus p=2.If B=1 then v = 2. And if B =0 then u = 1.

On the other hand, Z* = 2u — 2. Then we obtain 1) to +1t, = 2 or 2)
Z*=2u—22>3u—9 for u>6. Hence, u =6 or 7.

In the case when 1) to +t, = 2,by

Y=8u+2k+2=to+ (u— Dty +(r—2)p=2+ (p—2)t,+ (r—2)pu,
we obtain (p — 1)pu = 2k — (u — 2)t,, where ¢, < 2.

t, =2.
Then (p — 2)u = 2k — 2(u — 2) and pp = 2k + 4 = 24.
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Table 32:

p r u v o u e
1 9 24 25 52 2 79
2 10 12 13 28 2 43
3 11 8 9 20 2 31
4 12 6 7 16 2 25
6 14 4 5 12 2 19
8 16 3 4 10 2 16
12 20 2 3 8 2 13
Table 33:
p r u v o u e
1 9 24 25 52 1 53
2 10 12 13 28 1 29
3 11 8 9 20 1 21
4 12 6 7 16 1 17
6 14 4 5 12 1 13
8 16 3 4 10 1 11
12 20 2 3 8 1 9

ty=1.
Then (p —2)u =2k —p+2and (p—1)p =2k +2 = 22.

t, = 0.
Then (p — 2)u = 2k = 20.
7.6.4 case when ¢=0

Assume ¢ = 0. Then
Z* =2u.

If 4 > 6 then 2u = Z2* > 3 — 9; thus p < 9.
p=29
Then
Z* =2u =18 = 8y; + 14y2 + 18ys.
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Hence, y3 = t4 +t7 = 1.

Y = 8u+ 2k +2 =3ty + 6ty + (r — 1)p.

Thus, 9(p—1) = (p— 1)u =2k — 1 — 3t7.
But if k = 8 then 2k — 1 — 3ty = 15 — 3t7,which is not divisible by 9.
If K =9 then 2k — 1 — 3t7 = 17 — 3t7,which is not divisible by 9.

p=3
Then
Z* =2u =16 = Ty; + 12y + 15y3 + 16y4.

Hence, y4 = t5 = 1.
Y =8u+2k+2=4+(r—1)u.

Thus, 8(p— 1) =(p— D=2k —2.
If k=9 then 2k —2=16and p—1=1.
o0 =21,e=30,r = 11 and the type turns out to be [21 x 30, 1,;919 5].

p="71
Then
Z* =21 =14 = 6y1 + 10ys + 12y3.

No solution.

p=>06
Then
Z* =2 =12 = 5y; + 8ya + Yy3.

No solution.

p=>5
Then
Z¥ = 2 =10 = 4y; + 6yo.
Then y; =to+t5 =ys =tz +t4 = 1.
Hence,
5(p—2)=2k+2—3—t4— 3t5.
If k=8 then 2k +2 —3 —t4 — 3t5 = 15 — t4 — 3t5. This is divisible by 5
whenever t4 = t5 = 0.

o = 14,u = 1l,e = 21,r = 13 and the type turns out to be [14 x
21,1,;613,2].
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18,

15,

If £ = 9 then there are no solution.

p=4
Then
Z* =21 =8 = 3y1 + 4yo.

Then Yo = t3 = 2.
Hence,
4(p—2) =2k —2.

Then 2(p —2) =k —1=28and p =6.
o = 13,u = 0,e = 18,r = 14 and the type turns out to be [13 x
1,;52 32

p=3
Then
ZF=2u=6=2y.

Then y; = to +t3 = 2.
Hence,
3(p—3) =2k —1—ts.

Thenk = 8,t3 =0 and p = 5.
o = 10,u = 1l,e = 15,7 = 16 and the type turns out to be [10 x
1,;413 23].

p=2
Then
ZF=2u=4=1y.

Then Y1 = t2 =.
Hence,
p—4=k—1.
Ifk=8then p=11L,u=1,p=2.
o =8,u=1,e=12,r = 19 and the type turns out to be [8%12, 1, ;315 24].
If k=9 then p =20,u=0,p = 3.
o =9,u=0,e=12,r = 20 and the type turns out to be [9%12, 1, ; 316, 24].
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7.7 case when Z* =0

Suppose that Z* = 0. Then 0 = Z* = 2u—q. Hence, 2u = § = k(p—1)—2p>.

Thus
2u+2="Fk(p-1)—2p°. (25)
By Y = 8u + 2k + 2 = ru, we obtain
pi = 2k + 2. (26)
Thus
k(pp — p—4) = 4+ 2pp° (27)
7.7.1 case when p=1
Suppose that p = 1. Then k(p — 5) = 4 + 2p?; thus
54
k=2 5) + ——. 28
(0+5)+ (28)
Table 34: B=1,p=1
p—5 p 54/(p—5) 2(p+5 k w wu vi o e
1 6 54 22 76 29 154 155 316 500
2 7 27 24 51 15 104 105 217 337
3 8 18 26 44 10 90 91 190 291
6 11 9 32 41 4 84 8 181 270
9 14 6 38 44 1 90 91 196 288

The types are as follows

[316 * 500, 1; 1557],

[

2. [217 % 337, 1; 105%],
3. [190 * 291, 1;917],
4. [181 % 270, 1; 857],
5. [196 * 288, 1;917],
The types are as follows

1. [316 * 342; 155,
2. [190 % 196; 917],
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Table 35: B=0,p=1

p—5 p p+5 54/(p=5) k k—4p u p 7 o e

1 6 11 54 76 52 26 154 155 316 342
3 8 13 18 44 12 6 90 91 190 196
7.7.2 case when p=2
Suppose that p = 2. Then k(p — 3) = 4 + 2p?; thus
20
k=2 3 —_— 29
0+3)+ - (29)

Table 36: B=1,p=2

p—3 p p+3 20 k k—3p w pu v o e

1 4 7 20 34 22 11 35 36 76 123
4 7 10 5 25 4 2 26 27 61 90
) 8 11 4 26 2 1 27 28 64 93

The types are as follows

1. [76 % 123,1; 369,
2. [61 %90, 1;27],
3. [64 %93, 1; 2810

Table 37: B=0,p =2

p—3 p p+3 20 kK k—4p uwu pu vi o e
1 4 7 20 34 18 9 35 36 76 85
2 5 8 10 26 6 3 27 28 61 064

The types are as follows

1. [76 * 85;36'Y],
2. [61 % 64;27'9].
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7.7.3 case when p=3
Suppose that p = 3. Then k(3p — 7) = 4 + 6p?; thus

2p + 32
3p—T°

k=2p+2)+ (30)

Hence, p > 2. Letting m = 2£J+_372, we obtain Pm = 2p + 32, where

P =3p—7. Then (3m — 2)P = 110. From this , the next tables follow.

Table 38: p=3,B=1

3Im—2 P=3p—-7 p m k pu v o u e
10 11 6 4 20 14 15 36 1 52
22 5 4 8 20 14 15 34 4 53
55 2 3 19 29 20 21 45 10 76

Table 39: p=3,B=0

3Im—2 P=3p—-7 p m k u v o u e
22 5 4 8 20 14 15 34 2 36

The types are as follows
1. [36 % 52,1;15M],
2. [34 % 53,1; 15,

3. [45 % 76,1; 211,

e~

34 % 36; 1511].

7.7.4 case when p=14
Suppose that p = 4. Then k(p — 2) = 1 + 2p?; thus
k=2 2)+ ——.
(p+2)+ -
Thus p—-2=1,3,9.
The types are as follows
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Table 40: p=4,B=1

p—2 p 2p+4 9/p-2) k 2k+2 pu vy o u e
1 3 10 9 19 40 10 11 25 5 41
3 5 14 3 17 36 9 10 25 1 36

1. [25%41;111%),

2. [25 % 36;10'2].
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7.7.5 case when p>5

Since k > 3p, it follows that
k(pp —p—4) =4+ 2pp> > 3(pp — p — 4)p.
Hence,
12p +4 + 3pp > pp*.

Defining a function f(z,y) to be yz? — 12z — 4 — 3yx, we get f(5,5)
—14, f(6,5) = 14. Therefore, we see that if y > 5 and = > 6, then f(x,y)
0.

vl

Therefore, if p > 5 then 5 < 4. We shall enumerate all types with p < 5.

p=2
By (27), we obtain k(p — 4) = 4 + 8p. Hence,
(k—8)(p—4) = 36.

From this we obtain the following table.

Table 41: p=2,B=1

k—8 p—4 k p 2k4+2 u vy o u e
4 9 12 13 26 2 3 8 3 14
6 6 14 10 30 3 4 10 4 18
12 3 20 7 42 6 7 16 7 30
18 2 26 6 54 9 10 22 10 42
36 1 4 5 90 18 19 40 19 78

Table 42: p=2,B =0

k—8 p—4 k p 2k4+2 pu vy o u e
4 9 12 13 26 2 3 8 2 10
6 6 14 10 30 3 4 10 3 13
12 3 20 7 42 6 7 16 6 22
18 2 26 6 54 9 10 22 9 31
36 1 4 5 90 18 19 40 18 58

The types are as follows
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. [8%14,1;3%Y,

. [10 % 18, 1; 4],

. [16 % 30,1;6%],

. [22%42,1;10114],
. [40 % 78,1;1913].
. [8%10;3%1],

. [10 % 13; 418],

. [16 % 22;617],

. [22 % 31;10114],

. [40 % 58;19'3].
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p=3
By (27), we obtain k(p — 2) = 2 + 9p. Hence,

(k —9)(p—2) = 20.

From this we obtain the following table.

Table 43: p=3,B=1

k=9 p—-2 k p 2k4+2 pu vy o u e
2 10 11 12 24 2 3 9 1 13
4 5 13 7 28 4 5 13 2 20
10 2 19 4 40 10 11 25 5 41
20 1 29 3 60 20 21 45 10 76

Table 44: p=3,B=0
k=9 p—2 k p 2k4+2 p vy o u e
5 4 14 6 30 5 6 15 1 16

The types are as follows
1. [9%13,1;3%],

2. [13%20,1;5%],

3. [15 % 16; 6],

4. [25 % 41,1;1112),

5. [45 76, 1; 211

63



p=4
By (27), we obtain k(3p—4) = 4+ 32p. Hence, letting K = 3k —32, R =
3p — 4, we get
KR = (3k — 32)(3p — 4) = 140.

From this we obtain the following table.

Table 45: p=4,B =1

K R p—-2 k p 2k+2 p vi o u e
4 35 12 13 26 2 3 10 0 13
10 14 14 6 30 5 6 16 1 23
28 5 20 3 42 14 15 34 4 53
70 2 34 2 70 35 36 76 11 123
Table 46: p=4,B =0
K R p—2 k p 2tk+2 pu vy o u e
28 5 20 3 42 14 15 34 2 36
0 2 34 2 70 35 36 7 9 85

The types are as follows
1. [10  13,1; 321,

2. [16 % 23,1; 6],

3. [34 % 53,1; 15,

4. [76 % 123,1;36').

5. [34 % 36; 151,

6. [76 * 85;360].

p=>5
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By (27), we obtain k(4p —4) = 4+ 50p. Hence, letting K = 2k —25, R =

p—1, we get
KR = (2k—25)(p—1) =2T7.

From this we obtain the following table.

Table 47: p =5
K R p k p v
1 27 28 13 1 2
3 9 10 14 3 4
9 3 4 1r 9 10
27 1 2 26 27 28

If B =1 then u = (k — 3p)/2 is integer; thus the case when p = 4,k =
17,4 = 9 survives. Indeed, v = (15 — 3 x 5)/2 = 1. Hence, 0 = 25,e =
36,7 = 12. The type turns out to be [25 * 36, 1;20'2].

If B =0 then v = (k —4p)/2 is integer; thus the case when p = 2,k =
26, 1127 survives. The type turns out to be [61 * 64; 2817].
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