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Here, we shall study birational properties of algebraic plane curves from the
viewpoint of Cremonian geometry. As a matter of fact, let S be a nonsingular
rational surface and D a nonsingular curve on S. (S, D) are called pairs and
we study such pairs. The purpose of Cremonian geometry is the study of

birational properties of pairs (S, D).

Suppose that m > a > 1. Then P, ,[D] = dim |mKg + aD| + 1 are
called mixed plurigenera, which depend on .S and D. It is my understanding
that these invariants embody the essential geometric properties of the curve

D on S. Py 1[D] turns out to be the genus of D, denoted by g.



Letting Z stand for Kg + D, we see Py, ,,[D] = dim|mZ| + 1, called
logarithmic plurigenera of S— D, from which logarithmic Kodaira dimension
is introduced, denoted by k[D].

Assume that x[D] = 2 and that there exist no (—1) curves E such that
E - D < 1. Then such pairs are proved to be minimal in the birational
geometry of pairs ([7],[6]).

We start with recalling some basic results in birational geometry of pairs
(S, D).

Minimal pairs are obtained from some kind of singular models, namely,
# minimal pairs which will be defined below. Any nontrivial P'— bundle
over P! has a section A, with negative self intersection number, which is
denoted by a symbol X5, where —B = A2 if B > 0. Yy is said to be a
Hirzebruch surface of degree B after Kodaira.

Let ¥ denote the product of two projective lines.

The Picard group of Xp is generated by a section A, and a fiber
F. = pr=!(c) of the P!~ bundle, where ¢ € P! and pr : X3 — P! is
the projection.

Let C be an irreducible curve on Xg. Then C ~ cAy + el, for some
integers o and e. Here the symbol ~ means the linear equivalence between
divisors. We have C - F, =c and C- A =¢— B 0.

Note that K[As] = —o0.

Hereafter, suppose that C' # Ay. Thus C- Ay = e~ B-0 > 0 and
hence, e > Bo. Denoting 2e — Bo by B, we have the formula of the virtual
genus of C' denoted by go:

(o —1)(B-2)
go = 5
Thus introducing 7,, by
T = (0 —m)(B — 2m), (1)
we obtain
(Ko + C)? = 1,

where K denotes a canonical divisor on Xpg.
Moreover, letting Zy be Ky + C, we obtain for v > 0,

I/Zo—(l/—].)CNC‘l—VKO

wZo— (v —1)C) - Zy = Ty31 — 2(v — 1)%,



and
(vZy— (v —1)C)-C =71, — 202

1.1 minimal models

Let C be an irreducible curve on ¥ 5. Then by v1, 19, - -+, v we denote the
multiplicities of all singular points (including infinitely near singular points)

of C' where vy > vy > -+ > y,.
——

=14
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The symbol [0 x e, B;vy,va,- - -, 1] is said to be the type of (Xp,C).
When B = 0 ,the symbol is abbreviated as [0 * e; vy, va, - - -, 1y ].

Definition 1 The pair (Xp,C) is said to be # minimal , if
e 0 >2u and e — o > Buy.
o Moreover, if B=1 and r = 0 then assume e — o > 1.

Using elementary transformations, we get

Theorem 1 If D is not transformed into a line on P2 by Cremona trans-
formations, then k[D] > 0. In this case, a minimal pair (S, D) is obtained



from a # minimal pair (Xp,C) by shortest resolution of singularities of C
using blowing ups except for (S, D) = (P2,Cy), Cy4 being a nonsingular curve

of degree d > 2.

Theorem 2 If (S, D) is obtained from a # minimal pair (Xp, C) by shortest
resolution of singularities of C ,then (S, D) is relatively minimal. In other

words,for any (—1) curve I’ on S, T'- A > 2.

2 basic results

Suppose that (S, D) is a minimal pair with x[D] = 2, which is obtained
from a # minimal pair(model) (Xp, C) by shortest resolution of singularities

of C. The type of (X5, C) is denoted by the symbol [0 x e, B; vy, v,

2w = (D—I—3K5) - D, 2wy = (C+3K0) -C,

29 = (D + Kg) - D,2g, = (C + Ko) - C,

By
and
we get
° w:wo—Z;_lyj(VjQ_?)),
v(v —1)

°9290_Z§:1 5

By putting X =>"_ v? and Y = > j—1Vj, We obtain

j=177
® 2w — 2wy =—X + 3Y,

e 2g—go=—-X+Y.
Thus
o X =399 —wo— 39+ w,

e Y =g9g—wy—g+w.

However, from wo = 5 —9 and go = go — 1 = 3 — 1, it follows that

° %—WO:§+2U,

° 3%—(.00:%0.
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Consequently we obtain the next equalities:
° Y:§—|—2U+w—§,
e X =Bo+uw-— 3g.

2.1 two invariants

We shall compute two invariants B+ 20 and Bo by examining the fol-
lowing cases according to the value of B.

(1) B=0. Then 0 = 2v; + p,e = 0 + u for some u > 0 and
° §+20:81/1—|—4p—|—2u,
e Bo = 8v2 + 21 (4p + 2u) + 2pu + 2p>.

(2) case B =1. Then 0 = 2v; + p,e = 0 + v1 + u for some u > 0 and
° §+20:8V1—|—3p—|—2u,
e Bo= 8v2 + 2v1(3p + 2u) + 2pu + p°.

(3) B=2. Then 0 = 2v; + p,e = 20 + u for some u > 0 and

° §+20:8V1—|—4p—|—2u,

e Bo= 8v2 + 21 (4p + 2u) + 2pu + 2p>.

Defining w = 4 — §15,we get w = 4 if B # 1. Further, w = 3 if B = 1.
Introducing an invariant k by k = wp + 2u, we have

° §+20:8V1—|—k,

e Bo =82 + 2kvy + p(k — 2p).

Proposition 1 Suppose that B < 2. Letting k denote wp + 2u, w being
4 — 01, we have the following fundamental equalities:

o X =8u7 4 2kvy +k +wi — 27,
o Y =8 +k+uwi.

Here k =kp— 2%, w1 =w—3.



2.2 invariant Z

Following Matsuda([13]), we shall compute v1Y — X, which we denote by
Z.
By Z=w0Y - X = > iz vi(v1 = v;) >0, we have

0<Z=v(w—g—k)—k—w +29. (2)

2.3 case in which B > 3

By By we denote max{B — 2,0}. Then e = Bo + u = Byo + 20 + u for
some u > 0 and B = 2e — Bo = Bao + 2(0 + u).
Moreover, Bo = Byo? + 2(0 + u)o and so

° §+202B20+8V1+k,
o Bo = Byo® + 87 + 2kuy + k.

However,these formulas still hold for any B > 0. Thus, we obtain the
following fundamental equalities:

o X = Byo? + 817 + 2kvy + k +wi — 27,
o Y =B+ 8 +k+w.
Further , we get
0< Z = Boo(vy — o) — kg + (1 — Dwy + 25 — k,

and

Byo(o — 1) < —kvy + (11 — Dwy + 29 — k.
If B > 3, then
o(oc —v1) < Byo(o—v1) < —kvi + (11 — 1wy + 27 — k. (3)
Hence, the following is derived:

Proposition 2 If B > 3,then

2w < oo —11) < (v — 1wy +27.



3 estimate of k£ in terms of w

We shall prove the following estimate of k.

Proposition 3 If o > 7 and v1 > 3 ,then k < w. Moreover, if g > 0, then
k<w-—1. Assume k = w. Then types are as follows:

In the case where p = 0, the type becomes [10 * 11;5°] or its associates.

In the case where p = 1, the type becomes either 1) [(4k + 3) x (6k + u +
4),1; (2k+1)°),where k = 3+2u,u > 0, or 2) [(19+8u)* (19+9u); (9+4u)?),
where u > 0

In the case where p > 1, p =2 and the type becomes [28 x 41, 1;13°].

Proof.
First , we shall prove k¥ < w. From the following fundamental equalities:
we see that Z = 11Y — X > 0 satisfies

0§§ZBQ(V1—U)U—le—];J+(V1—1)w—(V1—3)§,
and hence

0 < By(o —v1)o < —kvy —k+ (11 — Dw — (11 — 3)7
< —kvy + 1w —w+3g(3 —11).

Thus when g > 0, we get

kv < rw — w.

Hence,
w
E<w——<w.
141
However, when g = —1, we get
kn <nw-—w+r; —3.
Hence,
3
Fow<l-°2TY <y
141

Therefore, k < w,since k — w is an integer.



3.1 the invariant ¢

Assume v > 3. Introducing an invariant ¢ by i = w — k > 0. we shall
enumerate types whenever ¢ < 2.
First, we shall prove that B < 2. Otherwise, we have By > 0 and so

By(o —vi)o > 2012 > 6.
From

611 < By(o —11)o < —kvy —k + (11 — Dw — (11 — 3)7
g—k:yl—l;:—l—(l/l—l)w—}—ul—?)
—(w—k+1D—k—w-3
=i+ —k—k+i—3
<(i+ 1)y +i-3,

it follows that
51 +3 < i(l/l + 1).

Hence,
gt
T+l -

This contradicts the hypothesis saying ¢ < 2.

3.2 case when k=w
Assume i = 0, i.e. kK =w and by the previous argument, g = —1.
Supposing that Z > 0, we get Z > v — 1. Hence,

n—1<Z<—ki+ @ —-Dk+gB3—1n)—k
= —k—0B-w)—k
§V1—3.

Thus v1 — 1 < vy — 3, which is a contradiction. Therefore, 7 =0.



3.3 a formula for

In general, in the case when B < 2,9 = —1 and Z = 0, we obtain the
following formulae from the fundamental equalities :

o w =i+ 1+k,

e (r—8uvi=k+w =2k+i+1,

° (T—S)V%:2kV1+wl+/;Z+2:2kV1—|-/;7+7;+k+3.
Then r > 9 and
C 2k+i+1
- r=8

Introducing p by p = r — 8, these are rewritten as follows:

V1

1. pyi=k4+w =2k+i4+1,
2. pv} =2kvy +wi +k+2 =2k +k+i+k+3,
3. p=r—82>1,
4. py1 =2k +i+ 1.
Thus,the formulae (1) and (2) yield
(i +1)pvy = pk+i+k+3).
By (1) we obtain
(i+1)2k+i+1)=pk+i+k+3), (5)

and
k(2i+2—p)+ (i +1)%=plk+i+3). (6)

3.4 case in which 1 =0

Suppose that i = 0. From the formula (6), it follows that
k(2—p)+1=Fk+3.

Hence,pzl;r:9andk:+1:l;:+3;k::l;:+2.

10



Therefore, from k = k + 2 = p(k — 2p) + 2, it follows that
202 —2=Ek(p—1).
Hence,we get either 1) p=1or2) p#1; k =2p+ 2.

In the case when p = 1, we have v = 2k + 1 and k = w + 2u, where
w=4— 513.

IfB=1thenk=34+2uand o =211 +p=4k+3;e=0+vi+u=
6k + u + 4. Thus the type becomes [(4k + 3) * (6k + u + 4),1; (2k + 1)?],
where k = 3 + 2u.

Conversely, if the minimal pair (S, D) has this type, then

g =B _ 902k 4+ 1)k =0and D* = 0B — 9(2k + 1)2 = —k — 3.
Thus w=-3—-(—k—3) =k.

IfB=0then k=442uand vy =2k+1=9+4+4u,0 =21 +p =
4k +3 = 19+ 8u. Thus e = 0 + u = 19 + 9u and the type becomes
[(19 + 8u) * (19 + 9u); (9 + 4u)?).

Conversely, if the minimal pair (S, D) has this type, then ¢ = 0 and
w=4+2u==k.

In the case when k = 2p + 2 and p # 1, we have either p =0 or p > 1.
Ifp=0thenu=1and k=2. Thusv; =2k+1=5,0 =10and B < 2.

If B = 0 then the type becomes [10 x 11;57].

If B =1 then the type becomes [10 * 16, 1;57].

If B = 2 then the type becomes [10 x 21,2;5%] or its associates.

Note : The types [10 % 16,1;5% and [10 * 21,2;5%] are said to be the
associates of the type [10%11;5]. Hereafter, such associates will be omitted,
for simplicity.

If p > 1 then k = 2p+2 = wp+ 2u, from which it follows that p = 2, u =
0O,w=3,k=6and B =1.

Moreover, v; = 2k +1 = 13 and 0 = 28 and e = 41. Hence, the type
becomes [28 * 41, 1;139)].

Conversely, if the minimal pair (S, D) has this type, then ¢ = 0 and
D?=-9andw=06=k.

11



Therefore, the proof of Proposition 1 is complete. In that follows we
shall enumerate all possible types whenever ¢ =1 or 2.

4 formula (FEQ)

Suppose that B < 2 and that a #— minimal pair (Xp, C) has j; singular
points with multiplicity 1 — 1 and jo singular points with multiplicity vy —2.
Moreover, assume that the other singular points have the multiplicity v;.
Then

o Y =uvi(r—j1—j2) +j1(v1 — 1) + j2(v1 — 2) = rv1 — j1 — 2j,

o X =1v2(r—j1—j2) +i1(v1 — 1) +ja(v1 — 2)% = rv? — 2111 — 4djovy +
J1 +4j9.

From the fundamental equalities, we obtain

pv1 = J1+2j2 + k + w1,
— 142+ 2%k+i—7

and

pv? = 2j1v1 +4jo — j1 — djo + 2k + k+k+i—37
=i +22+k+w—g+k+w —29.

But from
pv = (j1 + 2j2 + 2k +i — G

it follows that
k(2i—2j1 =452 = 29— p) +(§—)* = (j1+242)* = p(k+i—3g—j1 —4j2). (7)
This will be referred to as the formula (FEQ).

Proposition 4 When B < 2 and a #— minimal pair (Xp,C) has ji sin-
gular points with multiplicity v1 — 1 and jo singular points with multiplicity
vy — 2, and the other singular points have the multiplicity v1, the next equal-
ities hold.

12



k(2 — 21— 4jo —2G— p) + (G —1)? — (j1 +242)* = p(k+i—3gG—j1 —4j2) (8)
and

pv1 =j1+2j2+2k+i—g.

5 case when j; =5, =0

Assuming j; = jo = 0, we have from (FEQ) the next equality:
k(20 =29 — p) + (g — i)* = p(k +i — 37).

5.1 case when g=0

Suppose that g = 0. Then
k(2042 —p)+ (1+0)? = p(k+i+3)

and
pv1 =2k + 1+ 1.

We shall study the types when ¢ = 1, 2.

5.1.1 case when i =1

If i = 1 then the formula (FEQ) turns out to be
k(4 —p)+4=p(k+4).

Then p=1or 2 or 3. ~
i) Suppose that p = 1. Then 3k + 4 = k + 4. Hence,

3k =k = p(k —2p).
From 2p% = (p — 3)k, it follows that

18
2 3 —— =k > 3p.
(p+)+p_3 > 3p

We obtain the next table.

13



Table 1: case when g =0,i=1,p=1,B=1

p—3 p 20p+3) 18/(p-3) k 1 o e 3p u
1 4 14 18 32 66 136 212 12 10
2 ) 16 9 25 52 109 166 15 o
3 6 18 6 24 50 106 159 18 3
6 9 24 3 27 56 121 177 27 O

Conversely, if the type of the pair (S, D) is [136 * 212, 1;66%],then g =
0,w =33,k = 32.

If the type of the pair is [109 % 166, 1;52°],then g = 0,w = 26,k = 25.

If the type of the pair is [106 * 159, 1;50°],then g = 0,w = 25,k = 24.

If the type of the pair is [121 % 177, 1;56°],then g = 0,w = 28,k = 27.

Table 2: case when g =0,1=1,p=1,B=0

p—3 p 2(p+3) 18/ (p-3) k v o e 4dp w
1 4 14 18 32 66 136 144 16 8
6 18 6 24 50 106 106 24 O

Conversely, if the type of the pair (S, D) is [136 * 144;66°],then g =
0,0 =33 k=32,72 = 31.

If the type of the pair (S, D) is [106 * 106, 1; 50°],then g = 0,w = 25,k =
24.

ii) Suppose that p =2. Thus vy = k+ 1,k +2 = k + 4. Hence,

20> —2=(p—1)k.

a) If p # 1 then 2p 4+ 2 = k = wp + 2u, where w = 3 or 4.

If B=1, we obtain p = 2,k = 6,u = 0,v; = 7. Then 0 = 2v] +p =
16,e = 16 + 7 = 23. Thus the type is [16 * 23, 1; 7!°]. Conversely, if the type
is this, then w =7,9g =0,k = 6.

If B=0, we obtain p =0,k =2,u = 1. Thus, 2v; = pry =2k +i—g =
5 —9g < 6. Hence, 1 = 3,0 =6. But ¢ > 7 was assumed.

14



b)If p=1thenk=Fk—2 But B=1or B=0.

IfB=1,then k=34+2u;v1 =k+1,0 =2v1+p=9+4u,e =13+ Tu.
Thus the type is [(9 + 4u) * (13 + Tu), 1; (4 + 2u)'Y)].

Conversely, if the pair has this type, then w = 4 + 2u,g = 0 and k =
3+ 2u.

IfB=0,then k =442u; vy =k+1=5+42u,0 =2v1+p =114+4u,e =
11 + 5u. Thus the type is [(11 + 4u) * (11 + 5u); (5 + 2u)'0].

Conversely, if the pair has this type, then w = 5+ 2u,g = 0 and k =
4 + 2u.

iii) Suppose that p = 3. Then 3k = k — 8 and

k—8 =3k = 3(p(k — 2p)).

Hence,
6p° —8 = (3p— 1)k > 3p(3p — 1) = 9p* — 3p.

From this it follows that
3p—6>3p—8>3p.

Hence, p — 2 > p?. This is a contradiction.

5.1.2 case when i =2

If i = 2 then the formula (FEQ) turns out to be
k(6 —p)+9=p(k+5).
Since k = p(k — 2p), it follows that
k(pp+p—6) =2pp —5p+9.
But recalling £ = wp + 2u > 3p, we obtain
2p%p —5p+9="k(pp+p—6) > 3p(pp+p—6) = 3p”p+ 3p(p — 6).

Thus
—5p+9 —3p(p —6) > p’p.

15



Hence,
9+ 18p > p(p* + 3p + 5),

and
94+ 18p

P+3p+5 ="

Therefore,
e if p <2 then p < 3;
o if 3 <p <5 then p <2
e if 6 < pthen p=1.
Hence, p < 3.
i) Assume that p = 1. Then r = 9 and k+5 = 5k+9. From k = p(k—2p),

it follows that
27 +4=k(p—5). (10)

Then p > 5 and we obtain

54

Then the following two tables are gotten.

Table 3: ¢g=0,i=2,B=1

p—5 p 2(p+5) 54/(p—-5) k v o e 3p u
1 6 22 54 76 155 316 500 18 29
2 7 24 27 51 105 217 337 21 15
3 8 26 18 44 91 190 291 24 10
6 11 32 9 41 8 181 270 33 4
9 14 38 6 44 91 196 288 42 1

Conversely, if the type is [316 * 500, 1; 155%],then g = 0,w = 78,k = 76.
If the type is [217 * 337,1;105%),then g = 0,w = 53,k = 51.

If the type is [190 % 291,1;91%],then ¢ = 0,w = 46, k = 44.

If the type is [181 % 270,1;85%],then g = 0,w = 43,k = 41.

If the type is [196 x 288,1;91%],then g = 0,w = 46, k = 44.

16



Table 4: g=0,:=2,B=0

p—5 p 2(p+5) 54/(p—5) k 1n o e 4dp w
1 6 22 54 76 155 316 342 24 26
3 8 26 18 44 91 190 196 32 6

Conversely, if the type is [316%342; 155%] ,then g = 0,w = 78,k = 76, 22 =
76.
If the type is [190 * 196;91°],then g = 0,w = 46, k = 44, Z? = 44.

ii) Assume that p = 2. Then
4k +9 =2(k +5).
Thus 9 = 2(k + 5) — 4k, which is a contradiction.
iii) Assume that p = 3. Then k + 3 = k + 5; hence, k = k + 2 and
3y =pv; =2k+1+1=2k+3.

Then k =k +2 = p(k — 2p). sthus, (p — 1)k = 2(p? — 1).

a).If p=1 then k =k — 2 and so k = w + 2u, where w = 3 or 4.
If B=1 then w=3,k=3+2u and

3ny=pr1 =2k+i1+1=2k+3 =9+ 4u.

From 3(v1 — 3) = 4u, it follows that v; —3 = 4L, u = 3L, for some L.
Then 0 = 8L+7,e = 15L+10 and the type is [(8L+7)*(15L+10), 1; (3+
AL)M).
Conversely, if the type of the pair (S, D) is this , then ¢ = 0,w =
54 6L,k=23+6L.

If B=1then w=4,k=4+42u and 3v; =2k + 3 =11 + 4u.

From 3(v; —5) = 4(u — 1), it follows that vy —5 = 4L,u = 3L + 1, for
some L. Then o0 = 8L +11,e = 11L + 12 and the type is [(8L + 11) * (11L +
12); (54 4L)'1].

Conversely, if the type of the pair (S, D) is this , then ¢ = 0,w =
8+6L,k=6+6L.

17



5.2 case when g=1

Suppose that g = 1. Then
k(2i — p) +i* = p(k +1).

This implies that ¢ > 0. We shall enumerate the types when i = 1, 2.

5.2.1 case when i =1

If i = 1 then k(2 —p) + 1 = p(k+1). Thus p =1, 14 =2k + 1 and
k+1=k+ 1. Hence, .
k=Fk=p(k—2p).
Thus
20° —2+2=(p— 1)k,
and

2
2p+ 1)+ —— =k
(p+ )+p71

Hence, p—1=1 or 2.

If p=2 then k = 8 = 2w + 2u.

In the case when B = 1, we obtain u = 1,1y =2k+1 =170 =2v1+p =
3442 =236 and e = 36 + 17 + 1 = 54. Thus the type is [36 * 54, 1;17°].

Conversely, if the type is this, then w =9,9 = 1.

In the case when B = 0, we obtainu = 0,11y =2k+1= 17,0 =211 +p =
34 +2 =36 and e = 36. Thus the type is [36 * 36; 17°].
Conversely, if the type is this, then w =9,k =8,9 = 1.

If p=3then k = 9 = 3w+2u, w = 3,u = 0 and the type is [41%60, 1;199].
Conversely, if the type is this, then w = 10,k =9,9 = 1.

5.2.2 case when i =2

If i = 2 then

k(4 —p)+4=p(k+2).
Then p =1 or 2 or 3.

18



i) Assume that p = 1. Then vy =2k +2, 7 =9 and 3k + 4 = k + 2.

From k = p(k — 2p), it follows that

2% +2 = (p—3)k. (12)
Thus 90
2 )+ ——==k.
(p+3)+ -
Table 5: case when p=1land g=1,1=2,B=1
p—3 p 2(p+3) 20/p—-3) k v o e 3p  u
1 4 14 20 34 70 144 225 12 11
4 7 20 5 25 52 111 165 21 2
5 8 22 4 26 54 116 171 24 1
10 13 32 2 34 70 153 220.5 39 none

Conversely, if the type is [144 % 225,1;70%),then g = 1,w = 36,k = 34.

If the type is [111 % 165,1;52%),then g = 1,w = 27,k = 25.
If the type is [116 % 171,1;54%],then ¢ = 1,w = 26,k = 24.

Table 6: case when p=1and g=1,1=2,B=0

u

p—3 p 2p+3) 20/(p—-3) k v o e 4p
1 4 14 20 34 70 144 153 16
) 16 10 26 54 113 116 20

9
3

Conversely, if the type is [144 * 153;70%),then g = 1,w = 36, k = 34.

If the type is [113 % 116;54%],then g = 1,w = 28,k = 26.

ii) Assume that p =2. Then vy =k +1,r =19 and 2k +4 = 2k + 2).

Hence, k+ 2 = k + 2. From k = p(k — 2p), it follows that

2% = (p — 1)k.
Thus

2
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Hence p =2 or 3. If p = 2 then kK = 8,111 = 9. In the case when B =1,
we obtain u = 1,y = k+1=9. Then 0 = 2v; +p = 18 +2 = 20 and
e =20+9+ 1= 30. Thus the type becomes [20 * 30, 1; 9.

In the case when B = 0, we obtain u = 0,1y = k+1 = 9. Then
0c=2v1+p=18+2 =20 and e = 20 + 1 = 21. Thus the type becomes
[20 % 21;99].

In both cases, if the type is one of these, then ¢ = 1,w = 10,k = 8.

If p=3then k =9,y =10,k =9,B = 1. Then 0 = 211 + p = 23 and
e = 23 + 10 = 33. Thus the type becomes [23 * 33, 1;107].
If the type of the pair (S, D) is this, then ¢ = 1,w =11,k = 9.

i) Assume that p = 3. Then k +4 = 3k + 6. Hence, k — 2 = 3k. From
k = p(k — 2p), it follows that

6p> —2=(3p—1)k>3p-(3p—1). (14)

Thus
6p > 6p> —2>3p-(3p—1) =9p* — 3p.

Hence, 3p > 3p®. This is a contradiction.

5.3 case when g =2

Suppose that g = 2. Then
k(2i—2—p)+(i—-1)2=pk+i-3).
Moreover, since pvy = i — 1 + 2k and i < 2, it follows that p > 0. Hence,

1=2.
Therefore, k(2 —p) +1 = p(k—1). Thus p = 1 and so k = k + 2. Hence,

(p— 1)k =2p* + 2.

Thus p > 1 and

2p+ 2+ 4 =k.
p—
Hence, we obtain 1) p=2,or 2) p=3or 3) p=>5.
1)p=2. k=6+4=10and B =1,u = 2. Hence, pv; =i—1+2k = 21.
We obtain three cases i) p= 1,11 =21 )ii) p=3,v; =Tiil) p=T7,v1 =3 to
examine, separately.
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i) p=1,1; =21. Then 0 = 44, e = 67.
Thus the type becomes [44 * 67,1;219].
If the type of the pair (S, D) is this, then g = 2, Z? = 12,w = 12,k = 10.

ii) p = 3,1 = 7. Then o = 16,e = 25. Thus the type becomes [16 *
25,1; 7M. However, if the type of the pair (S, D) is this, then g = 9,w =
19,k = 10.

iii) p = 7,v1 = 3. Then o = 8,e = 213. Thus the type becomes [8 *
13,1;3'5]. However, if the type of the pair (S, D) is this, then g = 11,w =
21,k = 10.

In the cases 2) and 3), it is easy to derive contradictions.

5.4 case when g > 2

Suppose that g > 2, we obtain
kv < —k+ (1 — Dw— (11 —3)§ < =k + (11 — Dw — 2(vg — 3).

Hence, .
(k+2 < —k+1rw+6—w
and so
6 —w
41

k+2<—k+w+ (15)

Since w — k < 2, i‘E follows that 6 —w > 0.
If w =6 then k = 0,k = 4. Moreover, since g > 2, it follows that

Z=1(2-7)—6+37<0.
Hence, g = 2,2,;: 0. Thus,
Y=rvn=8n+k+w =81 +4+6—2=28r +8,
and pry = 8. Thus we have either i) p = 1,14y =8 orii) p = 2,1, = 4.

i) p=1,11 =8. Then 0 = 16,u = 2. The type becomes [16  18;8°].
If the type of the pair (S, D) is this , then ¢ = 3,w =6,k = 4.

ii) p = 2,1 = 4. Then o = 8,u = 2. The type becomes [8 * 10; 410].
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If the type of the pair (S, D) is this , then g = 3,w = 6,k = 4.

If 4 < w < 5 then by the inequality (15), we have k=0k=2uw=k+2.

Hence we get w =4,k =2. By pr1 =2k+i—9g=6—79,9 > 2 we get
g=2,pv1 =4. Hence, p=1,11 =4,0 =8,e=9,r=09.

The type becomes [8%9;4%]. However,if the type of the pair (S, D) is this
,theng=2,w=3k=21=1.

If w =3 then w = k 4 ¢; hence, i = 1,k = 2. By (15), we get v1 = 3,p =
0,0 =6.

6 case when j; =1,5,=0

Supposing that j; = 1, jo = 0, we obtain
prv1 =1+ 1 -9+ 2k. (16)
Since vy —1=Z , it follows that
n—-1=Z< ki —k+ (v —Dw— (1 —3)g.
Thus
(I+knm < (1 —Dw— (1 —-3)g+1.

6.1 case when g > 1

Supposing that g > 1, we get
C+Ekn <(r—-1lw+d=rw-w+4.
Hence, if i <2, then g =1, w=4,k=2;1=2,B=0,u=1,p =0. Thus,
pvi =i+1—G+2k=2+2k=6.
We have two cases i) p=1,11 =6 orii) p=2,1q4 = 3.
i) p = 1,11 = 6. Then we obtain o = 12,e = 13,7 = 9. Thus the type

becomes [12 * 13; 6%, 5].
Conversely, if the type of the pair (S, D) is this, then g = 2,w = 4,k = 2.

i) p = 2,11 = 3. we obtain 0 = 6,e = 7,r = 10, and so the type becomes
[6%7;3% 2]. But 0 > 7 was assumed.
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6.2 case when g =0

Assume g = 0. Then the formula (FEQ) turns out to be

k(2i—p)+ (i+1)2—1=p(k+i+2).
6.2.1 case when i =1

Suppose that ¢ = 1. Then k(2 — p) + 3 = p(k + 3). Hence p = 1. Thus
k = k, which implies
202 —242=(p—1k.
In other words,
2
2p+24+ ——=k.
p—
Hence, p = 2 or 3.
i) If p =2 then k = 8 and v, = 2k + 3.
In the case when B =1, we obtain v; =2k +3 =19,k =8 =32+ 2u;
u = 1. Hence 0 = 38 + 2 = 40,e = 40 4+ 19 + 1 = 60. Therefore, the type
becomes [40 * 60, 1;19%,18].
Conversely, if the type of the pair (S, D) is this ,then ¢ = 0,w = 9,k = 8.

In the case when B =0, we obtain 11 =2k +3 =19k =8=4-2 + 2u;
u = 0. Hence 0 = 38 + 2 = 40, e = 40. Therefore, the type becomes [40 *
40; 198, 18]. Conversely,if the pair has this type, then g = 0,w = 9,k = 8.

ii) If p=3then k=9 and vy =2k +3 =21. Thus B=1,u=0.0 =
4243 = 45, e = 45421 = 66. Therefore, the type becomes [45%66, 1; 218, 20].
Conversely, if the pair has this type ,then ¢ = 0,w = 10,k = 9, Z? = 8.

6.3 case when i =2

Suppose that ¢ = 2. Then

k(4—p)+8=p(k+4)=p(p(k —2p) +4).

Further,
k(4 —p) +8 —4p = ppk — 2p°p.

23



Hence,
2p°p+8—4p=k(pp+p—4) > 3p(pp+ p— 4) = 3p°p + 3pp — 12p.

Therefore,
12p + 8
Prspra

Hence, p < 2.

i) Suppose that p = 1. Then
3k 4+ 4 = pk — 2p%.

Hence,
2p° +4=(p—3)k

and p > 4. Thus
22
2 3+ ——=k.
(p+ )+p_3

Since k > 3p , we obtain the following tables.
Table 7: case when p=1,B =1
p—3 p 2(p+3) 22/(p—-3) k v o e 3p wu

1 4 14 22 36 76 156 244 12 12
5 16 11 27 58 121 185 15 6

Conversely, if the type is [156 %244, 1; 768, 75],then ¢ = 0,w = 38,k = 36.

If the type is [121 * 185;58%, 57],then g = 0,w = 29, k = 27.

Table 8: case when p=1,8B =0

p—3 p 2p+3) 22/(p—-3) k v o e 4p wu
1 4 14 22 36 76 156 168 16 12
2 5 16 11 27 58 121 127 20 6

Conversely, if the type is [156 * 168; 768, 75],then g = 0,w = 38, k = 36.

If the type is [121 % 127;58%, 57],then g = 0,w = 29, k = 27.
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ii) Suppose that p = 2. Then 14 = k + 2 and
2k +8 = 2(k +4) = 2(p(k — 2p) + 4).

Hence,
2p° = (p— 1k
and then

2(p+1) + k.

p—1
If p=2, then k =8 and 1, = 10 and o = 22.
If B =1 then 0 = 22,e = 33. Therefore, the type becomes [22 x
33,1;10°,9].
Conversely, if the pair has this type, then ¢ = 0,w = 10,k = 8.
If B = 0then o = 22, e = 22. Therefore, the type becomes [22%22; 10, 9)].
Conversely, if the pair has this type, then ¢ = 0,w = 10,k = 8.

If p=3, then K = 9 and v; = 11 and 0 = 25,¢ = 36. Therefore, the
type becomes [25 * 36, 1;11%,10]. Conversely,if the pair has this type, then
g=0,w=11,k=9,2%2=8.

6.4 case when g=1

Suppose that g = 1. Then
k(2i—2—p)+i2—1=pk+i—1),

and i = 2 and p = 1. Thus v, = 3+ 2k and k + 2 = k. Accordingly,

4
W+2+—— =k
p_

Hence, we obtain the following tables.
Table 9: case when p=1andi=2; B=1

p—1 p 20p+1) 4/(p—1) k wn o e 3p u
1 2 6 4 10 23 48 73 6 2

25



Table 10: p=1andi=2; B=0

p—1 p 2(p+1) 4/p—-1) k 1»n o e 4p u
1 2 6 4 10 23 48 49 8 1

Conversely, if the pair has the type [48 * 73,1;23% 22| then g = 1,w =
12,k = 10.

Conversely, if the pair has the type [48 % 49;238 22] then g = 1,w =
12,k =10, 2% = 11.

7 case when j; =25, =0

Supposing that j; = 2, jo = 0, we obtain
prv1 =1+ 1 -9+ 2k. (17)
Since 21y — 2 = zZ , it follows that
2w —2< Z< —kvy—k+ (1 — Dw— (1 — 3)7.
Thus
2+k)n <(v—1w-—(r1—3)7+2.

7.1 case when g > 0

Supposing that g > 0, we get
2+ k) < (v —1)w+2.

Hence, it follows that

2+ k<k+2+
n

Therefore,since i = w — k < 2, we obtain w =2,9g =1,k =0,B = 0. Then
Y=0—-2v+2vi—1)=rv1 —2=8v +w=28r +2.

Thus pr; = 4, which implies p = 1,v; = 4.
Therefore, the type becomes [8 * 8;47, 32].
Conversely,if the pair has this type, then ¢ = 1,w = 2,k = 0.
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7.2 case when g =0

The formula (FEQ) turns out to be
k(2i—2—p)+ (i+1)2—4=pk+i+1).
Since i < 2, it follows that ¢ = 2. Hence, pvy = 5 + 2k and
k(2 —p)+5=p(k+3).

Hence, p =1 and k +2 = k = p(k — 2p). Thus 2p®> + 2 = (p — 1)k; hence,

2p+ 2+ 4 =k.
p—
This induces p = 2 or 3 or 5.
But, if p = 3 then £k = 10, B = 1,u = 0. By the way, k = 3p+ 2u =9,
which contradicts k& = 10.
Moreover, if p = 5 then kK = 10, B = 1,u = 0. By the way, k = 3p+2u =
9, which contradicts £ = 10.

Table 11: case when B =1

p—1 p 2p+2 4/p—1) k uw vi o e 3p+2u
1 2 6 4 10 2 25 52 79 10

Consequently, the type becomes [52 79, 1; 257, 242].

Table 12: case when B =0

p—1 p 2p+2 4/(p—-1) k uwu vy o e 4dp+2u
1 2 6 4 10 1 25 52 53 10

Consequently, the type becomes [52 * 53; 257, 24?].
Conversely,if the type of (S, D) is this, then g = 0,w = 12, Z? = 10.

8 <case when j; =0,js=1or t, =1
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Assume j; = 0 and either jo = 1 or to = 1. Then 2v; —4 = Z and hence,
2 — 4 < —kvy — k + (1 — 1w — (v1 — 3)3.

Thus
24k < (1 —Dw— (1 —3)g+4

8.1 case when g >0

Suppose that g > 0. Then
2+ k) <rw+4—w.

Hence, w =4,k =2,9 = 1.
We have either i) to =1 or ii) ¢,,_2 = 1.

i)to=1. Then by Y =81 +2+w = (r — 1)v1 + 2, we get

(p—Dry=k+2=4.
Hence, v; = 4,7 = 10.

Consequently, the type becomes [8 x 9;4°, 2].

Conversely, if the pair has this type , then g = 1,w =4,k = 2.

ii) ty,—2 =1,v1 > 4. Then by Y =8y + 2+ w = rvy — 2, we get

pvi =i+2—-g+2k=k+6=8.
Thus, we have p = 1,v; = 8. Then the type becomes [16 % 17; 8%, 6].

Conversely, if the pair has this type , then ¢ = 1,w = 4,k = 2,9 =
1,7% =3.

8.2 case when g =0

Suppose that g = —1. Then we have two cases a) t,,—2 = 1 and b)
to = 1.
In the case a), the formula (FEQ) turns out to be

k(2i—2—p)+ (i+1)2 =16 =p(k+i—1).
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Since ¢ < 2, it follows that ¢ = 2 and that
k(2—p)+9—16 = p(k+1).
Hence, p =1 and

20> —24+6=(p— 1)k > 3p*> — 3p.

Therefore,
k=2p+2+ L
p—1
Hence, we obtain the following table.
Table 13:
p—1 p 2p+2 6/2p+2) k vi=2k+5 u o e
1 2 6 6 12 29 3 60 92
2 3 8 3 11 27 1 57 8
3 4 10 2 12 29 0 62 91

Consulting this table,if p = 2, then we obtain the following types:

B = 1. Then u = 3 and the type becomes [60 * 92, 1;29%,27].
Conversely, if the pair has this type , then g = 0,w = 14,k = 12, Z? = 12.
B = 0. Then u = 2 and the type becomes [60 * 62; 29, 27].

Conversely, if the pair has this type , then g = 0,w = 14,k = 12, Z? = 12.

In the case b), we have j; = jo = 0,t2 = 1 and that g = —1.
By the way since Y = vy(r — 1) + 2 and X = v2(r — 1) + 4 we obtain

e (p-=k+tw-g-2=2k+i—-g—2,
e (p—1wi=—4+2%kv +k+w—37=—4+42kn +k+k+i—37.
By

(p—112 =442k +k+k+i—-37=2k+i—g—2)n

we get R
(i—g—2um=—4+k+k+i—37.

Thus,

(i-9—2)2k+i—-G—2)=(-4+k+k+i—37)(p—1).
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Putting g = —1, we get
(i—1)2k+i-1)=(k+k+i—1)(p—1).
Since ¢ < 2, it follows that ¢ = 2 and therefore,
e4+1=(k+k+1D)(p—1)=(k+1)+(p—1)+k(p—1).
Then p — 1 > 0 and hence,
k(3—p)=(k+k+1)(p—1)—1>0.

Thus, p = 2 and finally, we obtain k& = k and so 2p% — 2+ 2 = k. Then we
get either 1) p=2; hence k =8=3x24+20ork=8=4x2o0r2)p=3;
hencek =9. Byvi=(p—- )i =k+w—-9—-2=2k+2+1-2=2k+1,
we get

1). k=81 =2k+1=17. If B =1 then u = 1 else if B = 0 then
u = 0. Then we have the following cases:

i) B=1.Thus 0 = 2v; +p = 36,e = 0 + u + v; = 54 and the type
becomes [36 * 54,1;17%, 2].

ii) B = 0. Thus the type becomes [36 x 36; 17, 2].

Conversely, if the pair has this type , then g = 0,w = 10,k = 8.

2) p=3. Then k = 9,11 =2k +1 = 19,u = 0, B = 1. Thus the type

becomes [41 * 60,1;19%,2].
Conversely, if the pair has this type , then g = 0,w = 11,k = 9.

9 case when Z > 3(v; — 3)

Suppose that k£ > 0,7 > 3 and z > 3(v1 — 3).
From definition, it follows that

3 —3)<Z=nY-X (18)
=—kvi+ (w1 — 1w+ B3—v1)7— k (19)

< —kvi + (1/1 — 1) — (3 — Vl) - INC (20)

(21)
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and that

(k+2)1 < (v —1)w—k+6.

Hence,
—w—k
ht2<m<wt 9k (22)
"
Thus we have three cases 1) 6-—w—-k<0,2)6—w—k=0and3)
6-—w—-k>0.

1) 6 —w— k < 0. Then k < w — 3. Hence, i > 3, which contradicts the
hypothesis: i < 2.

2) 6 —w — k = 0. Then from the formula (22), it follows that k + 2 <
w =k +i. Hence, i = 2. Thus the formula (18) induces

3549 —w—k
kt34g<wa I WTR
4

By ~
3549wk 3
ltw—2+g=k+3+g<wt LW _ 429
141 %1

we get
g < 3g.

We have two cases I) v; > 4 and II) 14 = 3 to examine ,separately.

9.1 case when v; >4

D) vy > 4. Then g = 0. Since 6 = w — k and w = k + 2, it follows that
k+k =4. Then k = 3 or 4. To verify this we examine the following two
cases:

If k > 0 then p > 0 and so k > 3. Hence, k=1 and k = 3, which implies
that p=1,B=1,u=0.

Ifl?:zOthenszandsokzZu:él.

By the way, from the next formulae :

o Y =8y +k4+w+1=8v +2k+ 3,

o X =82+ 2%k +k+w+3=807+2kv +k+Ek+5,
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it follows that
Z=u)Y —X =30 — (k+k+5) =301 -9
Letting a = t,,-1,b = t,,—2 + t2,c = t3 + t,,_3, we obtain
a(vy —1) 4+ 2b(v1 — 2) + 3c¢(v1 —3) =311 — 9.
If ¢ =0 then (a + 2b—3)v; = a+ 4b— 9. Since vy > 3, it follows that
3a+20—3)<a+4b—9.

Hence, 3a+4b < a+4b, which implies a = b = 0. Therefore,a = b= 0,c = 1.
From t3 + t,,—3 = 1, it follows that i) t3 = 0,t,,_3 = 1 or ii) t3 =
1,¢,,—3=0.
Hence, we have either i) Y = vj(r—1)+11 -3 =wvr—3oril) ¥ =
vi(r—1)+3.

i) Y = 1»yr — 3. Then by making use of Y = 8vy + 2k + 3 we get
pv1 =2k + 6 , where p =17 — 8.
Then we have the following cases to examine, separately.

1) k=4. Then p=0,B = 0,w; = 7. Hence, pr; = 14. Thus v; = 14 or
7, for 1 > 3 by hypothesis.

Ifvy =14 then p=1,r=9,0 =28,¢ = 0 +u = 30. The type turns out
to be [28 % 30; 148, 11]. If the pair has this type ,then g = 0,w = 6,k = 4.

Ifvy =7then p=2,7=10,0 = 14,e = 0 + u = 16. The type turns out
to be [14 % 16; 7%, 4]. If the pair has this type ,then ¢ = 0,w = 6,k = 4.

2) k=3. Then p=1,B = 1,u = 0,w; = 7. Hence, pr; = 12. Thus
v1 = 12 or 6, for v; > 3 by hypothesis. Hence,

Ifry =12then p=1,r=9,0 =25,e = 0 +u+wv; = 37. The type turns
out to be [25%37,1; 128, 9]. If the pair has this type ,then g = 0,w = 5,k = 3.

If vy =6 then p=2,r=10,0 = 13,e = 0+ u+v; = 19. The type turns
out to be [13%19,1;6°, 3]. If the pair has this type ,then g = 0,w = 5,k = 3.

ii) Y = v1(r — 1) + 3 = 2k + 3. We obtain (p — 1)y = 2k.
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1) k =4. Then p = 0,u = 2. Hence, (p— 1)v; = 8. Thus v; = 8 or 4, for
v1 > 3 by hypothesis.

If vy =8then p=2,7=10,0 = 16,e = 0 + u = 18. The type turns out
to be [16 % 18;8?, 3]. If the pair has this type ,then ¢ = 0,w = 6,k = 4.

If vy =4 then p=3,r =11,0 = 8,e = 0 +u = 10. The type turns out
to be [8 x 10; 40, 3]. If the pair has this type ,then g = 0,w = 6,k = 4.

2) k=3. Then p=1,B =1,u=0,w; = 6. Hence, (p — 1)v; = 6. Thus
vy = 6 for v; > 3 by hypothesis. Hence,

If vy =6then p=2,r=10,0 = 12,e = 0 +u+v; = 18. The type turns
out to be [13 % 19,1;6°, 3]. If the pair has this type ,then g = 0, 22 = 2,w =
5 k=3.

9.2 case when v; =3

IT) v1 = 3. Then Z = 2ty and since w = k + 1, where i < 2, it follows
that

Z=wv(i—9)— (k+i+k—37).
Hence, 2é:k+l~€+2t2 < 4.

However by o = 6 + p > 7 by hypothesis, we get p > 0.

Hence, k= 1,k=3,p=1,u=0,B = 1. Moreover , i = 2,t5 = 0. Thus,
the type becomes [7 % 10, 1;3"] where 33 — 3r > 0.

Conversely, if the pair has this type , then g = 32 — 3r,2w = (0 — 3)§ —
60 = 10. Hence, w = 5, which is equal to k + 2.

10 case when Z < 3(v; — 3)

In the case when Z < 3(v; — 3), we obtain
a(vy — 1) +2b(ry — 2) < Z < 3(v — 3).
Here a =t,,—1,b =1,,—2 + ta.

Then we have either i) a =1,2 and b=0or ii) a =0 and b = 1.
But these cases were discussed before.
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11 estimate of genus in terms of w

From the fundamental equalities, we obtain
0< Z=By(v —0)o —kvy —k + (11 — 1w — (1, — 3)g.

Thus . B
By(o—v)o+ (1 —=3)g+ ki + k< —-Z+ (11 — 1)w. (23)

In particular,
(1 —3)g + kuvy + k< (11 — 1w. (24)
Assuming v; > 4, we get the following

Theorem 3

(25)

Moreover, if g = Zi:éw then the type becomes [2v1 * 2uvy;v|,r =1,2,--- |7

and their associates:

Hence, the following estimate is obtained.
Corollary 1 Ifvy > 4, then
g < 3w.
Moreover, if g = 3w then v1 = 4 and the type becomes [8 x 8;4"],r =

1,2,---,7 and their associates:

12 another estimate

For a positive integer n > 4, define F(n) to be (n — 1)w — (n — 3)g and
(C+Kyp)-C Wo = (C+3Kyp)-C
2 W0 = 2 :

F(n)o to be (n — 1w — (n — 3)g,, where g, =
Then

Vi

F(n) = F(n)o =Y _(n— j)jt;.

=2
To verify the above, we notice

Fn) = %(n —1)(D +3Ks)- D — %(n _3)(D+ Kg)- D = (D +nKs) - D.
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and

F(n)y = (C +nKp) - C = (6 —n)B — 2no.

As a matter of fact,
C?’=B-C,Ky-C=wy—gog=13/2—9—7/2+1=-20— B.

Furthermore,

[z
(D +nKs) = (C+nKo)) - (D—C) =Y (n—j)jt;.
j=2
Here, B = 2¢ — Bo and 7, = (0 — m)(B — 2m).
Then defining Z(n) to be Y 7L,(n — j)jt;, we obtain

F(n) = F(n)o+ Z(n). (26)

By Theozem 3, if n < vy then Z—i;’w > ;:éw > g. Hence, ﬁ(n) > 0.
Thus if F(n) < 0, then n > v; and so Z(n) > 0.

12.1  computation of F(n),

When B # 1, we get B = 2¢ — Bo = (By + 2)o + 2u.

F(n)y = (o0 —n)B — 2no
=(oc—n)((B2+2)o + 2u) — 2no
= (0 —n)Bs 4+ 2u(oc — n) + 2(c — 2n)o.

Thus if o > 2n then F(n)y > 0.

To study the case when o < 2n, we replace o by 2n — j and get

F(n)o = (n— j)Ba +2(n — jyu+ j(j — 2n).

Hence, if n > j and F(n)g < 0 then (n—j)Bo+2(n—j)u+7j(j—2n) < 0.
This implies that
J(2n—j) — (n—j)Bs

‘s 2(n — )

Thus v is bounded for n.
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When B =1, we get B =0+ 2u+ 2u,.
Replacing o by 3n — j — 2, we obtain

F(n)o = (0 —n)(c + 2u+ 2v1) — 2no
=2n—j—-2)(c+2u+2v) —2no
=—(+2)0+2n—j—2)(2u+211)
=2n—37—-2)2u+2v1 —j—2)—n(j+2).

If 5 =0 then

F(n)o=2n—-2)2u+2v —2) —2n>2(n—2) >4,

for 2u + 2v1 > 4 and n > 4.
If =1 and then v + v; > 3 then

F(n)o=(2n—3)(2u+2v1 —3) —3n>3(n—3) >3
If j = 2 and then u + v1 > 4 then
F(n)o=(2n—4)(2u+2v, —4) —4n > 4(n —4) > 0

Moreover,supposing that 2n — j — 2 > 0, if f(n)o < 0 then from (2n —
J—2)2u+211 —j—2)—n(j+2) <0 we get

nG+2) o, i< MUT2)

2 <
YS9 2 = _j_2

it

However, if 1 = 1 then B=o0+2uandu > 2.
In this case, go = g = (0 —1)(0 +2u—2)/2, w = (0 — 3)(0 + 2u) /2 — 30.
Hence, F(n)o = (6 —n)(o + 2u) — 2no = o(o — 3n) + 2u(c — n).

12.2 case when n =14

Assume that n = 4. Then F(4) = F(4)o + Z(4).

If ¢ = 7, then F(4)g = —35 + 6u. Assuming F(4)y < 0, we obtain
u=2,3,5.

If 0 = 8, then F(4)g = 8(u — 3). Assuming F(4)o < 0, we obtain u = 2.

If o =9, then F/(4)g = —27+ 10u. Assuming F(4)y < 0, we obtain u = 2.
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12.3 case in which 3w <§g

Assume that o > 7.
If n =4 and 11 < 4 then

F(4)=3w—g= (0 —4)B — 80 + 4ty + 3t3
If B=1then B =0 + 2u+ 21, and then o =7 or 8,9.

When o =7 F( Jo=3(7T+2u+2v) — 56 =—35+6(u+ 7).

If v = 3, then F(4) —17 + 6u + 4to + 3t3 < 0.

If 11 = 2, then F(4) = —23 4 6u + 4tz < 0.

If vy = 1, then F(4) = =35+ 6u < 0. Hence,2 > u > 5. And w =
17 + 4u,g = 14 + 6u.

When o =8 F(4)0 =4(8+2u+2v) — 64 =—-32+8(u+11).

If vy =3, then F(4) = -84 8u+ 4ty + 3t3 < 0.

If vy = 2, then F(4) = —16 + 8u + 4t < 0.

If 1 = 1, then F(4 —32 4+ 8u < 0. Hence,2 > u > 3. And w =
21 + 4u, g = 14 + 6u.

When o =9, F(4)g = 59+ 2u + 2v1) — 72 = —27 + 10(u + 11).
If vy = 3, then F(4) = —7 + 10u + 45 + 3t3 < 0.
If ) = 2, then F(4) = —17 4 10u + 45 < 0.

When o = 10 , F(4)g = 6(10 4 2u + 2v1) — 80 = —20 + 12(u + 1) > 0.

If n=1>5 and v; < 5 then

F(5)=2(2w —7) = (¢ — 5)B — 100 + 6ty + 6t3 + 4t,4.

If n =6 and v1 < 6 then
F(6) = 5w — 37 = (0 — 6)B — 120 + 8t3 + 9t3 + 8t4 + 5ts.

If B # 1 then B = 2¢ — Bo = Byo + 2u + 20. Thus,for o = 2n, it follows
that

F(n)o = (2n — n)(2Ban + 2u + 4n) — 4n® > 0.

37



Iflethen§:0+2(u+l/1).

For o = 3n — 2, it follows that

F(n)o=(2n—-2)3n —2+2u+2v1) — 2n(3n — 2) > n — 2.

Table 14: the types when F(n) < 0,n = 4

n=4

o B 1 F(n)o Z(n)

7 1 3 —17+6u 4ta+3t3
7 1 2 —23+6u 4ty

7 0 2,3 —14+46u 4ty + 3t
8 1 3 —26+8u 4ta+3t3
8 1 2 —28+8u 4ty

9 1 2 —-74+10u 4ty
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Table 15: the types when 4 < g/w

u o v ty t3 w g g F(n) g/w fraction
2 7 0 0 0 1 27 26 -—23 26 26
0 7 2 1 0 2 2 25 -19 125 123
o 7 2 2 0 3 25 24 -—15 8 8
3 7 0 0 0 b5 33 32 -—-17 6.4 62
o 7 3 0 1 5 30 29 -14 5.8 5i
o 7 2 3 0 4 24 23 -11 5.75 5§
2 8 0 0 0 6 3 34 -16 5.66 52
o v 3 0 2 5 27 26 -11 5.2 5i
1 7 2 1 0 6 32 31 -—13 | 5.166666667 5%
0o 7 3 1 1 6 29 28 —10 | 4.666666667 42
o 7 3 0 3 5 24 23 -8 4.6 4g
o v 2 4 0 5 23 22 -7 4.4 43
1 7 2 2 0 7 31 30 -9 |4.285714286 4g
4 7 0 0 0 9 39 38 -—11 4.22222 4i
o 7 3 1 2 6 206 25 -7 | 4.166666667 4%
o v 3 0 4 5 21 20 -5 4 4
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Table 16: the types when 3 < g/w < 4

u o v ty t3 w g g F(n) g/w fraction
1 7 3 0 1 9 36 35 —8 | 3.888888889 35
0 7 3 2 1 7 28 27 —6 | 3.857142857 32
2 7 2 1 0 10 38 37 -7 3.7 345
0 7 3 1 3 6 23 22 —4 | 3.666666667 32
1 7 2 3 0 8 3 29 -5 3.625 33
2 9 0 0 0 12 44 43 -7 3.5833 3%
1 7 3 0 2 9 33 32 =5 |3.555555556 32
0 7 2 5 0 6 22 21 -3 3.5 3%
0 8 3 0 1 11 39 38 —5 |3.454545455 | 3
0 7 3 2 2 7 25 24 —3 | 3.428571429 32
1 7 3 1 1 10 35 34 —4 3.4 35
5 7 0 0 0 13 45 44 —5 3.3846 3%
2 7 2 2 0 11 37 36 -3 |3272727273 | 33
0 7 3 3 1 8 27 26 =2 3.25 3L
1 7 3 0 3 9 30 20 —2 |3.222222222 3§
0 8 3 0 2 11 36 35 —2 | 3.181818182 3%
0 7 3 1 4 6 20 19 —1 | 3.166666667 31
1 7 2 4 0 9 29 28 —1 |3.111111111 32
1 7 3 1 2 10 32 31 -1 3.1 3%
0 8 3 1 1 12 38 37 —1 |3.083333333| 35
3 7 2 1 0 14 44 43 —1 | 3.071428571 31

Table 17: the types when D are nonsingular plane curves

d w g 7 g/w fraction
9 0 28 27 o0 00
10 5 36 35 7 7
11 11 45 44 4 4
12 18 49 48 | 2.66666 8
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Table 18: the types when ﬁ(n) <0

n=>5
o B 1 F(n)o Z(n)
7 1 3 —44 + 4u 612 + 6t3
7 1 2 —48 + 4u 6to
7 0 23 —42+44u 612 + 6t3
8 1 4 —32+4+6u 6ty + 6tz + 4ty
8 1 3 —38 + 6u 6to + 613
8 1 2 —44 + 6u 6t2
8 0 234 —16+6u 6ty + 6tz + 4ty
9 1 4 —22+48u 6ty + 6t3 + 4ty
9 1 3 —30 + 8u 6to + 6t3
9 1 2 —38 + 8u 6to
9 0 4 —18+8u 6ty + 6t3 + 4ty
10 1 4 —10+4+ 10u  6t9 + 613 + 4ty
10 1 3 —20 4+ 10u 6to + 6t3
10 1 2 —30 + 10u 6t2
11 1 3 -84 12u 6to + 6t3
11 1 2 —20+ 12u 619
12 1 2 -8+ 14u 6ta
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